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Abstract. Given a group X we study the algebraic structure of the compact right-topological semigroup 
\{X) consisting of maximal linked systems on X. This semigroup contains the semigroup I3{X) of ultrafilters 
as a closed subsemigroup. We construct a faithful representation of the semigroup A(X) in the semigroup 
P(X)P(-^) of aU self-maps of the power-set P(A') and show that the image of \{X) in P(X)''(^' coincides with 
the semigroup EndA(P(A')) of all functions / : P(X) — >■ P(X) that are equivariant, monotone and symmetric 
in the sense that f[X \A)=X \ f{A) for all A G X. Using this representation we describe the minimal ideal 
K{X{X)) and minimal left ideals of the superextension A(X) of a twinic group X. A group X is called twinic 
if it admits a left-invariant ideal I C P{X) such that xA =i yA for any subset A C X and points x,y £ X 
with xA Ci X\A Ci yA. The class of twinic groups includes all amenable groups and all groups with periodic 
commutators but does not include the free group F2 with two generators. 

We prove that for an Abelian group X (admitting no epimorphism onto the quasi-cyclic group C2°°) each 
minimal left ideal of the superextension X{X) is algebraically (and topologically) isomorphic to the product 
ni<fc<oo(C2fe X 2^ " -k^v(x,c^k) ri{X,C2k) is the number of sub groups H C X such that the quotient 

group X/H is isomorphic to the (quasi)cyclic group C'2k of order 2''; here the cardinal 2^ (equal to 

continuum if fc = 00) is endowed with the discrete topology and left-zero multiplication. 

Applying this result to the group Z of integers, we prove that each minimal left ideal of X{Z) is topologically 
isomorphic to 2'^ x Il^j C2fc where the Cantor cube 2'^ is endowed with a left zero multiplication. Consequently, 
all subgroups in the minimal ideal K{X{Z)) of A(Z) are profinite abelian groups. On the other hand, the 
superextension A(Z) contains an isomorphic topological copy of each second countable profinite topological 
semigroup. This results contrasts with the famous Zelenuk Theorem saying that the semigroup /3{Z) contains 
no finite subgroups. At the end of the paper we describe the structure of minimal left ideals of finite groups X 
of order \X\ < 15. 
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1. Introduction 

After discovering a topological proof of Hindman theorem [9j (see pjj p. 102], ^Oj), topological methods 
become a standard tool in the modern combinatorics of numbers, see [11], [16]. The crucial point is that 
any semigroup operation defined on a discrete space X can be extended to a right-topological semigroup 
operation on /3(X), the Stone-Cech compactification of X. The extension of the operation from X to fi{X) 
can be defined by the simple formula: 

(1) AoB= {AdX -.{x^^X -.x-^A^^B] eA], 

The Stone-Cech compactification (i{X) of X is the subspace of the double power-set P^(X) = P{P{X)), 
which can be identified with the Cantor discontinuum {0, 1}^^^^ and endowed with the compact Hausdorff 
topology of the Tychonov product. It turns out that the formula ([T|) applied to arbitrary families A,Bg P^(X) 
of subsets of a group X still defines a binary operation o : P^(X) x P^(X) P^(X) that turns the double power- 
set P^(X) into a compact Hausdorff right-topological semigroup that contains f3{X) as a closed subsemigroup. 

The semigroup /3{X) lies in a bit larger subsemigroup X{X) C P^(X) consisting of all maximal linked 
systems on X. We recall that a family C of subsets of X is 

• linked if any sets A,B € C have non-empty intersection A Ci B ^ 9; 

• maximal linked if C coincides with each linked system C' on X that contains C. 

The space X{X) is well-known in General and Categorial Topology as the superextension of X, see [13], [TS] , 
The thorough study of algebraic properties of the superextensions of groups was started in [2] and continued 
in |3] and [1]. In particular, in f3] we proved that the minimal left ideals of the superextension A(Z) are 
metrizable topological semigroups. In this paper we shall extend this result to the superextensions A(X) of 
all finitely-generated abelian groups X (more generally, abelian groups admitting no homomorphism onto the 
quasi-cyclic 2-group). 

The results obtained in this paper completely reveal the topological and algebraic structure of the minimal 
ideal and minimal left ideals of the superextension of a twinic group. A group X is defined to be twinic if it 
admits a left-invariant ideal I of subsets of X such that for any subset A G X with xA Cj X \A Ci yA for 
some x,y € X we have A =x B. Here the symbol A dx B means that A \ B & I and A =x B means that 
A Ci B and B Ci A. The class of twinic groups contains all amenable groups and all groups with periodic 
commutators (in particular, all torsion groups), but does not contain the free group with two generators F^- 

For Abelian groups the principal results are relatively simple and can be formulated here, in the introduc- 
tion. Yet, some notation should be fixed. 

By C2fe = {z € C : = 1} we denote the cyclic group of order 2^^. The union (72°° = UfcLi ^2^^ is called 
the quasicyclic 2-group. 

For a group X by ri{X,C2k) we denote the number of normal subgroups H C X with quotient X/H 
isomorphic to 6*2*: . It is easy to see that for A; G N 

, . hom(X, C^k ) - hom(X, C^k-i ) 
r]{X,C2k) = 

where hom(X, ) is the group of homomorphisms from X into . 
The following theorem is a particular case of Theorems 117.11 and 117.41 

Theorem 1.1. If X is an abelian group (admitting no homomorphism onto C2°° ), then 

(1) each minimal left ideal of \{X) is algebraically (and topologically) isomorphic to 

n (C2. xE,)''(^'^2.) 

l<A:<oo 

where each is a left zero semigroup of cardinality 2^*° if k < oo and of cardinality continuum 
if k = oo; 

(2) the semigroup X{X) contains a principal left ideal, which is algebraically (and topologically) isomorphic 
to 

l</c<oo 
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where each E^,'' is the topological semigroup of all self-maps of the discrete space E^; 

(3) each maximal subgroup of the minimal ideal of \{X) is algebraically (and topologically) isomorphic to 

l<fc<oo 

If the group X is finitely generated, then 

(4) all minimal left ideals of the superextension X{X) are compact metrizable topological semigroups. 

2. RiGHT-TOPOLOGICAL SEMIGROUPS 

In this section we recall some information from [llj related to right-topological semigroups. By definition, 
a right-topological semigroup is a topological space S endowed with a semigroup operation * : S x S ^ S 
such that for every a (z S the right shift : 5 — )• S, : x i-t- x * a, is continuous. If the semigroup operation 
* : 5 X 5 — )• 5 is (separately) continuous, then (5, *) is a (semi-) topological semigroup. 

From now on, S is a compact Hausdorff right-topological semigroup. We shall recall some known information 
concerning ideals in S, see [ll]. 

A non-empty subset / of 5 is called a left (resp. right) ideal ii SI C I (resp. IS C I). If / is both a left and 
right ideal in S, then / is called an ideal in S. Observe that for every x G 5* the set 5x5* = {sxt : s,t £ S} 
(resp. Sx = {sx : s G S}, xS = {xs : s € S}) is an ideal (resp. left ideal, right ideal) ideal in S. Such an 
ideal is called principal. An ideal / C S" is called minimal if any ideal of S that lies in / coincides with /. By 
analogy we define minimal left and right ideals of S. It is easy to see that each minimal left (resp. right) ideal 
/ is principal. Moreover, / = Sx (resp. / = xS) for each x (z I. This simple observation implies that each 
minimal left ideal in S, being principal, is closed in S. By |1H 2.6], each left ideal in S contains a minimal 
left ideal. The union K{S) of all minimal left ideals of S coincides with the minimal ideal of S, jlll 2.8]. 

All minimal left ideals of S are mutually homeomorphic and all maximal groups of the minimal ideal K{S) 
are algebraically isomorphic. Moreover, if two maximal groups lie in the same minimal right ideal, then they 
are topologically isomorphic. 

An element z of a semigroup S is called a right zero (resp. a left zero) in S if xz = z (resp. zx = z) for all 
X € S. It is clear that z € 5" is a right (left) zero in S if and only if the singleton {z} is a left (right) ideal in 
S. 

We shall often use the following known fact, see Lemma 1.1]. 

Proposition 2.1. If a homomorphism h : S ^ S' between two semigroups is infective on some minimal left 
ideal of S, then h is injective on each minimal left ideal of S. 

An element e G S is called an idempotent if ee = e. By the Ellis Theorem |lll 2.5], the set E{S) of 
idempotents of any compact right-topological semigroup is not empty. For every idempotent e the set 

H{e) = {x G : 3x^^ G S (xx^^x = x, x^^xx^^ = x^^, xx^"*^ = e = x^^x)} 

is a maximal subgroup of S containing e. 

By [m 1.48], for an idempotent e G E{S) the following conditions are equivalent: 

• e G K{S); 

• K{S) = SeS; 

• 5*6 is a minimal left ideal in S; 

• eS* is a minimal right ideal in S; 

• eSe is a subgroup of S. 

An idempotent e satisfying the above equivalent conditions will be called a minimal idempotent in S. By |1H 
1.64], for any minimal idempotent e G S the set E[Se) = E[S) fl of idempotents of the minimal left ideal 
Se is a semigroup of left zeros, which means that xy = x for all x,y (z E{Se). By the Rees-Suschkewitsch 
Structure Theorem (see pT| 1.64]) the map 

If : E{Se) X H{e) — ?> Se, ip : {x,y) i-7> xy, 

is an algebraic isomorphism of the corresponding semigroups. If the minimal left ideal Se is a topological 
semigroup, then (/? is a topological isomorphism. 
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Now we see that all the information on the algebraic (and sometimes topological) structure of the minimal 
left ideal Se is encoded in the properties of the left zero semigroup E{Se) and the maximal group H{e). 

3. Acts and their endomorphism monoids 

In this section we survey the information on acts that will be widely used in this paper for describing the 
algebraic structure of minimal left ideals of the superextensions of groups. 

Following the terminology of [12j by an act we understand a set X endowed with a left action ■ : H xX ^ X 
of a group H called the structure group of the act. The action should satisfy two axioms: Ix = x and 
g{hx) = {gh)x for all x G X and g,h £ H. Acts with the structure group H will be called H-acts or H -spaces. 

An act X is called free if the stabilizer Fix(x) = {h (z H : hx = x} of each point x G X is trivial. For a 
point X £ X hy [x] = {hx : h € H} we denote its orbit and by [X] = {[x] : x G X} the orbit space of the act 
X. More generally, for each subset ^ C X we put [^] = {[a] : a G X}. 

A function / : X — > y between two -ff-acts is called equivariant if f{hx) = hf{x) for all x G X and h ^ H. 
A function / : X ^ y is called an isomorphism of the -ff-acts X and Y if it is bijective and equivariant. An 
equivariant self-map / : X — > X is called an endomorphism of the H-act X. If / is bijective, then / is an 
automorphism of X. 

The set End(X) of endomorphisms of an H-act X, endowed with the operation of composition of functions, 
is a monoid called the endomorphism monoid of X. 

Each free H-act X is isomorphic to the product H x [X] endowed with the action h ■ {x,y) = {hx,y). For 
such an act the semigroup End(X) is isomorphic to the wreath product H I [X]^^'^ of the group H and the 
semigroup [X] of all self-maps of the orbit space [X] . 

The wreath product H I A"^ of a group H and the semigroup of self-maps of a set A is defined as 
the semidirect product H^ xi A^ of the A-th power of H with A^, endowed with the semigroup operation 
{h,f) * [h'J') = {h",f") where f" = fo f and h"{a) = h{f'{a)) ■ h'{a) for a e A. For any subsemigroup 
S d A"^ the subset HlS = {{h, /) G i?^ x : / G S"} is called the wreath product of H and S. If both H 
and S are groups, then their wreath product H I S is a group. 

Denote by A^ C A^ the subsemigroup consisting of constant functions and observe that A^^ is isomorphic 
to the semigroup A endowed with the left zero multiplication xy = x. Observe that the maximal subgroup of 
A^ containing the identity self-map of A coincides with the group Sa of all bijective functions f : A ^ A. 

Theorem 3.1. Let H be a group and X be a free H-act. Then 

(1) the semigroup End(X) is isomorphic to the wreath product H I [X]^^'^ ; 

(2) the minimal ideal K{End{X)) of End(X) coincides with the set {/ G End(X) : Vx G /(X) /(X) C 

(3) Each minimal left ideal of End(X) is isomorphic to H x [X] where [X] is endowed with the left zero 
multiplication; 

(4) for each idempotent f G End(X) the maximal subgroup H{f) C End(X) is isomorphic to H I S\^ji^x)]j 

(5) for each idempotent f G ir(End(X)) the maximal group H{f ) = f ■ End(X) • / is isomorphic to H . 

Proof. 1. Let vr : X — > [X], vr : x i-^ [x], denote the orbit map and s : [X] ^ X be a section of vr, which means 
that TT o s([x]) = [x] for all [x] G [X]. 

Observe that each equivariant map / : X — )• X induces a well-defined map [/] : [X] [X], [f] : [x] i-^ [/(a;)], 
of the orbit spaces. Since the action of on X is free, for every orbit [x] G [X] we can find a unique point 
fnilx]) G H such that / o s{[x]) = (///([x]))-i • s([/(x)]). 

We claim that the map 

* : End(X) ^ H I [X][^l, ^ : f ^ {fn, [/]), 

is a semigroup isomorphism. 

First we check that the map ^' is a homomorphism. Pick any two equivariant functions /, 5 G End(X) and 
consider their images ^(f) = {fn, [/]) and ^{g) = (gn, [g]) hi H I [Xj^-^y Consider also the composition fog 
and its image ^(/ o g) = ((/ o g)H-, [f ° g\)- We claim that 

((/ o 9)h, [f o g]) = ifH, [/]) * {9H, [9]) = iifH o [g]) ■ gH, [f] o [g]). 
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The equality [f o g] = [/] o [g] is clear. To prove that (/ o g)^ = (/j^ o [g]) ■ gjj-, take any orbit [x\ G [X]. It 
follows from the definition of (/ o g)H{[x\) that 

((/ o ffk(W))-' • s{[f o g{x)]) = {fog)o si[x]) = fig o s{[x])) = 
f{i9H{[x]))-' ■ s{[g{x)])) = (gnim-' ■ f o s{[g{x)]) = 
MM))-' ■ {fHiMx)]))-' ■ s{[f o g{x)]) = 
ifHomx])-gH{[x]))-'-si[fog{x)]) 

which implies the desired equality (/ o g)fj = [f^ o [g\) ■ gn- 

Next, we show that the homomorphism ^ is injective. Given two equivariant functions f,g& End(X) with 
{Ihj [/]) = ^(/) = ^{9) = {9H-, b]), we need to show that f = g- Observe that for every orbit [x] € [X] we 
get 

mx])) = ifHiix]))-' ■ s o [f]{[x])) = {gnilx]))-' ■ s o [g]{[x]) = g{s{[x])). 

Now for each x € X we can find a unique h E H with x = h ■ s{[x]) and apply the equivariantness of the 
functions /, g to conclude that 

fix) = f{h ■ s{[x]) = h ■ f{s{[x])) = h ■ g{s{[x])) = g{h ■ s{[x])) = g{x). 

Finally, we show that * is surjective. Given any pair {h,g) G H I [X]^-^^ = H^^^ x [X]!"''-!, we define an 
equivariant function / G End(X) with {h,g) = {fn, [/]) as follows. Given any x E X find a unique y E H 
with X = y ■ s{[x\) and let 

f{x)=y.h{[x])-' -sigiix])). 

This formula determines a well-defined equivariant function f : X ^ X with ^(/) = {h,g). Therefore, 
^ : End(X) H I [X]^^^ is a semigroup isomorphism. 

2. Observe that the set X = {/ G End(X) : {[/(a::)] : x G X} is a singleton} is an ideal in End(X). We 
claim that each subideal J <ZT coincides with X, which will imply that X is a minimal ideal of End(X). Take 
any functions / G X and g E J . Find an orbit \x\ G \X\ such that = {[a^]}- Since the restriction 
g\\x\ : [x] [9{x)] is bijective and equivariant, so is its inverse (5'|[a;])~^ : [g{x)] [x]. Extend this equivariant 
map to any equivariant map h : X ^ X. Then 

f = hogofejogojcj. 

3. Take any idempotent / G K(Eiiid{X)) and consider the minimal left ideal End(X) • /. Find a point 
z e X such that /([^]) = {[z]} and let Z = f~^{z). It follows that the set Z meets each orbit [x], x E X, 
at a single point. So, we can define a unique section s : [X] — )■ Z C X of the orbit map X — )■ [X] such that 
fosi[X]) = {z}. 

To each equivariant map g G End(X) assign a unique element gn & H such that g{x) = g^ ■ s{[g{x)]). It 
is easy to check that the map 

$ : End(X) -f^Hx [X], ^ : g ^ {gn, b](N)), 

is a semigroup homomorphism where the orbit space [X] is endowed with the left zero multiplication. 

4. Take any idempotent / G End(X) and consider the surjective semigroup homomorphism pr : End(X) — )■ 

pv : g t-^ [g]. It follows that [/] is an idempotent of the semigroup [X]^^^ and the image pr(iJ(/)) 

of the maximal group H(f) is a subgroup of [X]!"^'. It is easy to see that the maximal subgroup H[f] of 
the idempotent [/] in [X]!"''^] coincides with S[j(^x)] ' [/]• The preimage pr~^(i?[/]) of the maximal subgroup 
H[f] = >S'[/(x)] ■ / is isomorphic to the wreath product H I H[f] and hence is a group. Now the maximality of 
H{f) guarantees that H{f) = pr~^{H[f]) and hence H{f) is isomorphic to H I 5'[/(x)]- 

6. If / G iC(End(X)) is an idempotent, then [/(X)] is a singleton by the second item. By the preceding 
item the maximal group H{f) is isomorphic to H I S^f(^x)]: which is isomorphic to the group H since [/(-^)] 
is a singleton. □ 
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For each group X the power-set P(^) will be considered as an act endowed with the left action 

• : X X P{X) P{X), ■ : {x, A) ^ xA = {xa : a £ A}, 

of the group X. This X-act P{X) and its endomorphism monoid End(P(X)) play a crucial role in our 
considerations. 

4. The function representation of the semigroup P'^(X) 
In this section given a group X we construct a topological isomorphism 

$ : P^{X) End(P(X)) 

called the function representation of the semigroup P^(X) in the endomorphism monoid of the X-act P{X). 
We recall that the double power-set P^(X) of the group X is endowed with the binary operation 

AoB={AcX :{xeX : x~^A eBjeA}. 

The isomorphism $ assigns to each family A of subsets of X the function 

■■ P{X), ^A-A^{xeX: x-^A G A}, 

called the function representation of A. 

In the following theorem by e we denote the neutral element of the group X. 

Theorem 4.1. For any group X the map $ : P^(X) — >■ End(P(X)) is a topological isomorphism with inverse 
$-1 ■.<f^{AcX:ee(p{A)}. 

Proof. First observe that for any family A G P^(X) the function is equivariant, because 

^a{xA) = {y eX : y~'^xA e A} = {xz : z~^A G A\ = a;$^(^) 

for any .x G X and A C X. Thus the map $ : p2(X) End(P(X)) is well-defined. 

To prove that $ is a semigroup homomorphism, take two inclusion hyperspaces X,y € P^(X) and let 
Z = X oy. We need to check that ^z{A) = o ^y{A) for every Ag X. Observe that 

^ziA) = {zeX : z-^A G = {2 G X : G X : x'^z'^A ^y} ^ X} = 

= {z G X : ^y{z-^A) G A'} = {z G X : z-^^y{A) X} = ^x{^y{A)) = ^x° ^y(^)- 

To see that the map $ is injective, take any two distinct families A,B£ P^(X). Without loss of generality, 
A\B contains some set A C X. It follows that e G ^a{^) but e ^ ^b{A) and hence / <^b. 

To see that the map $ is surjective, take any equivariant function tp : P(X) — )■ P(X) and consider the 
family A = {A C X : e e (p{A)}. It follows that for every Ae P(X) 

^a{A) = {xeX : x-^A G ^} = G X : e G ^{x'^ A)} = {x G X : e G x-^^p{A)') = {x G X : x G ^{A)} = (p{A). 

To prove that $ : P^(X) End(P(X)) C P(X)'^(^) is continuous we first define a convenient sub-base of 
the topology on the spaces P(X) and P(X)'^'^^^. The product topology of P(X) is generated by the sub-base 
consisting of the sets 

x'^ = {A C X : X e A} and x' = {A C X : x ^ A} 

where x G X. On the other hand, the product topology on P(X)'^("'^) is generated by the sub-base consisting 
of the sets 

{x,A)+ = {/ G P(X)PW : X G f{A)} and {x,A)- = {/ G P(X)PW : x ^ f{A)} 

where A G P(X) and x e X. 
Now observe that the preimage 

^-\{x, A) + ) = {A£ P\X) : X G ^a{A)} = {Ae P2(X) : x'M G A} 
is open in P^(X). The same is true for the preimage 

^-\{x,A)-) = {Ae p2(X) : X ^ ^a{A)} = {Ae P\x) x-^A ^ A} 
which also is open in P^(X). 
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Since the spaces P^(X) = {0, l}'^^"^^ and End(P(X)) C P{X)^^^^ are compact and Hausdorff, the continuity 
of the map $ imphes the continuity of its inverse Consequently, ^> : P^(X) End(P(X)) is a topological 
isomorphism of compact right-topological semigroup. □ 

Remark 4.2. The functions representations of some families A C P(X) have transparent topological 
interpretations. For example, if A is the filter of neighborhoods of the identity element e of a left-topological 
group X, then for any subset A C X the set $^(^) coincides with the interior of a set A C X while $_4±(A) 
with the closure of A in X! 

Theorem 14. II has a strategical importance because it allows us to translate (usually difficult) problems con- 
cerning the structure of the semigroup P^(X) to (usually more tractable) problems about the endomorphism 
monoid End(P(X)). In particular. Theorem 14.11 implies "for free" that the binary operation on P^{X) is 
associative and right-topological and hence P'^{X) indeed is a compact right-topological semigroup. 

Now let us investigate the interplay between the properties of families A G P'^(X) and their function 
representations 

Let us define a family A C P{X) to be 

• monotone if for any subsets A C B C X the inclusion A ^ A implies B £ A; 

• left-invariant if for any A A and x E X we get xA E A. 

Respectively, a function (p : P{X) P{X) is called 

• monotone if (p{A) C (p{B) for any subsets A C B C X; 

• symmetric if ip{X \A)=X\ ip{A) for every A C X. 

Proposition 4.3. For an equivariant function ip £ End(P(X)) the family ^^^{^p) = {A C X : e £ ^{A)} is 

(1) monotone if and only if ip is monotone; 

(2) left-invariant if and only if ip{P{X)) C {0, X}; 

(3) maximal linked if and only if ip is monotone and symmetric. 

Proof. Let A = ^~'^{<p). 

1. If is monotone, then for any sets A C B with A £ A we get e G ^{A) C (p{B) and hence B £ A, which 
means that the family A is monotone. 

Now assume conversely that the family A is monotone and take any sets A C B C X . Note that for any 
X £ X with xA G ^ we get xB £ A. Then 

ip{A) ={x£X : x-^A £A}c{x£X: x'^B £ A} = ip{B), 

witnessing that the function ip is monotone. 

2. If the family A is invariant, then for each A £ Awe get ^p{A) = {x £ X : x~^A £ A} = X and for each 
A^Awe get ip{A) = {x £ X : x'^A £ A} = fl>. 

Now assume conversely that (p{P{X)) C {0,X}. Then for each A £ A we get e £ ip{A) = X and then 
for each x £ X, the equivariance of (p guarantees that ip{xA) = x{p(A) = xX = X 3 e and thus xA £ A, 
witnessing that the family A is invariant. 

3. Assume that the family A is maximal linked. By the maximality, A is monotone. Consequently, its 
function representation Lp is monotone. The maximal linked property of A guarantees that for any subset 
Ac X we get {A£ A) ^ {X\A^ A). Then 

(^(X \A) = {x£X:x-^{X\A)£A} = {x£X:X\ x~^ A £ A} = 

= {x£X: x-'^A i A] = X\{x £ X : x'^A £A] = X\ ^{A), 

which means that the function (/? is symmetric. 

Now assuming that the function ip is monotone and symmetric, we shall show that the family A = <I>~^((/7) 
is maximal linked. The statement (1) guarantees that A is monotone. Assuming that A is not linked, 
we could find two disjoint sets A^B £ A. Since A is monotone, we can assume that B = X \ A. Then 
e £ ip{A) n 'p{X \ A), which is impossible as ip{X \ A) = X \ 'p{A). Thus A is linked. To show that A 
is maximal linked, it suffices to check that for each subset A C X either A oi X \ A belongs to A. Since 
ip{X \A) = X \ ip{A), either (p{A) or (p{X \ A) contains the neutral element e of the group X. In the first 
case A £ A and in the second case X \ A £ A. □ 
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Let us recall that the aim of this paper is the description of the structure of minimal left ideals of the 
superextension A(X) of a group X. Instead of the semigroup \{X) it will be more convenient to consider its 
isomorphic copy 

EndA(P(X)) = $(A(X)) C End(P(X)) 

called the function representation of \{X). 
Proposition 14.31 implies 

Corollary 4.4. The function representation EndA(P(^)) of \{X) consists of equivariant monotone symmetric 
functions ip : P{X) ^ P{X). 

In order to describe the structure of minimal left ideals of the semigroup EndA(P(-'l^)) we shall look for a 
relatively small subfamily F C P(^) such that the restriction operator 

Rf :Endx{P{X)) ^P{Xf, RF:ip^ip\f, 

is injective on each minimal left ideal of the semigroup EndA(P(^))- 
Then the composition 

$p = i?po$ : \{X) P{Xf 

will be injective on each minimal left ideal of the semigroup X{X). By Proposition 12.11 a homomorphism 
between semigroups is injective on each minimal left ideal if it is injective on some minimal left ideal. Such 
special minimal left ideal of the semigroup X(X) will be found in a left ideal of the form X'^{X) for a suitable 
left-invariant ideal I of subsets of the group X. 

A family I of subsets of X is called an ideal on X if 

• X ^I; 

• AU B e I ior any A, B e T, 

• for any ^ € X and B CZ A we get B ^X. 

Such an ideal X is called left-invariant if xA € X for all A ^ X and x X. The smallest ideal on X is the 
trivial ideal {0} containing only the empty set. The smallest non-trivial left-invariant ideal on an infinite 
group X is the ideal [X]^"^ of finite subsets of X. From now on we shall assume that I is a left-invariant ideal 
on a group X. 

For subsets A, B C X we write 

• A Cx B if A\B eX, and 

• A =x B a A Cx B and B Cx A. 

The additivity property of the ideal X implies that =x is an equivalence relation on P{X). 

A family A of subsets of X is defined to be X-free if for any A ^ A and a subset B =x A of X we get 
B & A. Let us observe that a monotone family A C P(-^) is X-free if and only if for any A A and B ^ X 
we get A\B e A. 

Respectively, a function : P{X) P{X) is called X-free if ip{A) = f{B) for any subsets A =x B of X. 

Proposition 4.5. A family A C P(-'^) is X-free if and only if so is its function representation <I>_4 : P(^) — > 
P{X). 

Proof. Assume that A is X-free and take two subsets A =x B of X. We need to show that <I>^(A) = <I>^(i?). 
The left-invariance of the ideal X implies that for every x G X we get xA =x xB and hence {xA € ^) 4^ 
{xB e A). Then 

^a{A) = {x£X : x-^A £A} = {x£X: x'^B e A} = '^a{B). 

Now assume conversely that the function representation <I>_4 is X-free and take any subsets A =x B with 
A e A. Then e G $^(^) = ^AiB), which implies that B e A. □ 

For an left-invariant ideal X on a group X let \'^{X) C X{X) be the subspace of X-free maximal linked 
systems on X and EndA(P(-'^)) C EndA(P(-'^)) be the subspace consisting of X-free monotone symmetric 
endomorphisms of the X-act P{X). It is clear that for any functions f,g : P{X) — )■ P{X) the composition 
f o g is X-free provided so is the function g. This trivial remark implies: 
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Proposition 4.6. For any ideal X the function representation $ : )^{X) EndJ(P(X)) is a topological 
isomorphism between the closed left ideals A-^(X) and End^(P(X)) of the semigroups X{X) and End;^(P(X)), 
respectively. 

The following lemma (combined with the Zorn Lemma) implies that the sets )?{X) and EndJ(P(X)) are 
not empty. 

Lemma 4.7. Each maximal I -free linked system C on X is maximal linked. 

Proof. Wc need to show that each set A C X that meets all sets L ^ C belongs to C. We claim that A ^X. 
Otherwise, taking any subset L ^ C, we get L\A =x L and hence L\A belongs to C, which is not possible 
as, L\A misses the set A. Since A ^X the X-free family A = {A' G X : A' =x A} is linked. 

We claim that the X-free family AU £ is linked. Assuming the converse, we would find two disjoint sets 
A' ^ A and L ^ C. Then L A =x L H A' =x and hence the set L \ A =x L belongs to C, which is not 
possible as this set misses A. 

Now we see that the family ALiC, being I- free and linked, coincides with the maximal X-free linked system 
£. Then AeAUC = £. □ 

5. Twin and X-twin subsets of groups X 

In this section we start studying very interesting objects called twin sets. For an abelian (more generally, 
twinic) group X twin subsets of X form a subfamily T C P{X) for which the function representation $t : 

\{X) End;s^(T) is injective on some left ideal of the superextension \{X). 
For a subset ^4 of a group X consider the following three subsets of X: 

Fix(^) = {x £ X : xA = A}, Fix" (A) = {x e X : xA = X \ A}, and Fix=^(A) = Fix(A) U Fix" (A). 

Definition 5.1. A subset A C X is defined to be 

• twin if xA = X \ yl for some x € X, 

• pretwin if xA C X \ A C yA for some points x,y G X. 

The families of twin and pretwin subsets of X will be denoted by T and pT, respectively. 

Observe that a set A C X is twin if and only if Fix" (A) is not empty. 

The notion of a twin set has an obvious "ideal" version. 

For a left-invariant ideal X of subsets of a group X, and a subset A C X consider the following subsets of 

X: 

X-Fix(y4) = {xeX ■.xA=x A}, X-Fix.-{A) = {xeX ■.xA=x X\A}, and X-Fix=^(A) = X-Fix(A)uX-Fix-(A). 

Definition 5.2. A subset A c X is defined to be 

• X-twin if xA =x X\AfoT some x E X, 

• X-pretwin if xA Cx X\A Cx yA for some points x,y E X. 

The families of X-twin and X-pretwin subsets of X will be denoted by J-^ and pT-^, respectively. 

It is clear that jW = j and pT^*^} = pT. 

Proposition 5.3. For each subset A G X the set X-Fix^{A) is a subgroup in X . The set A is X-twin if and 
only if X-Fix(yl) is a normal subgroup of index 2 in X-Fix^ (A) . 

Proof If the set A is not X-twin, then X-Fix~{A) = and then X-Fix=^(^) = X-Fix{A) = {x e X : xA =x A} 
is a subgroup of X by the transitivity and the left-invariance of the equivalence relation =x- 

So, we assume that A is X-twin, which means that X-Fix~(^) 7^ 0. To show that X-Fix''=(^) is a subgroup 
in X, take any two points x,y G X-Fix^(^). We claim that xy~^ G X-Fix^(^). 

This is clear if x,y £ X-Fix(^) C X-Fix^(^). If x G X-Fix{A) and y G X-Fix"(^), then xA =x A, yA =x 
X\A and thus A=x X\y~^A which implies y~^A =x X\A. Then xy~^A =x x{X \A) = X\xA=x X\A, 
which means that xy-^ e X-Fix~(A) C Fix=^(^). 

If x,y G X-Fix"(^), then xA =x X \ A, y'^A =x X \ A. This implies that xy~^A =x x{X \ A) =x 
X \ xA =x X \ {X \ A) =x A and consequently xy~^ G X-Fix{A). 
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To show that X-Fix(A) is a subgroup of index 2 in Fix (A), fix any element g € I-Fix (A). Then for every 
X G X-Fix(A) we get gxA =x gA =x X \ A and thus gx G X-Fix"(^). This yields X-F\x~{A) = ^(Z-Fixyl), 
which means that the subgroup X-Fix(A) has index 2 in the group X-¥yx^[A). □ 

The following proposition shows that the family of X-twin sets of a group X is left-invariant. 

Proposition 5.4. For any X-twin set A d X and any x £ X the set xA is X-twin and X-Fix^(a;^) = 
x{X-Fix'{A))x-^. 

Proof. To see that xA is an X-twin set, take any z G X-Fix~(A) and observe that 

X\xA = x{X \ A) =x xzA = xzx~^xA, 
which means that xzx^^ G X-Fix^(x^) for every z G X-Fix~(A). Hence X-Fix~(x^) = x (X-Fix^(A)) x^^. □ 

The preceding proposition implies that the family T-^ of X-twin subsets of X can be considered as an X-act 
with respect to the left action 

• : X X ^ T^, ■■.{x,A)^ xA 

of the group X. By [A] = {xA : x G X} we denote the orbit of a X-twin set A and by [T-^] = {[^] : A £ 
T-^} the orbit space. If X = {0} is a trivial ideal, then we write [T] instead of [T-^]. 

6. TwiNic GROUPS 

An left-invariant ideal X on a group X is called twinic if for any subset A C X and points x,y (z X with 
xA Cj X \A <Zx we get A =x B. In this case the families pT"^ and T-^ coincide. 

A group X is defined to be twinic if it admits a twinic ideal X. It is clear that in a twinic group X the 
intersection XL of all twinic ideals is the smallest twinic ideal in X called the twinic ideal of X. The structure 
of the twinic ideal XX can be described as follows. 

Let XXq = {0} and for each n G w let XXn+i be the ideal generated by sets of the form yA \ xA where 
xA dxLn X\A dxLn for some A <Z X and x,y G X. By induction it is easy to check that IXn C IXn+i C X 
and hence IX = \J^^^lXn C X is a well-defined (smallest) twinic ideal on X. 

In fact, the above constructive definition of the family XL is valid for each group X. However, XL is an ideal 
if and only if the group X is twinic. 

We shall say that a group X has trivial twinic ideal if the trivial ideal X = {0} is twinic. This happen if 
and only if for any subset A C X with xA C X \ A C yA we get xA = X \ A = yA. In this case the twinic 
ideal 21 of X is trivial. 

The class of twinic groups is sufficiently wide and contains all amenable groups. Let us recall that a group 
X is called amenable if it admits a Banach measure n : P{X) — > [0,1], which is a left-invariant probability 
measure defined on the family of all subsets of P{X). In this case the family 

M^ = {ACX: i^{A) = 0} 

is an left-invariant ideal in X. It is well-known that the class of amenable groups contains all abelian groups 
and is closed with respect to many operations over groups, see [TS] . 

A subset A of amenable group X is called absolutely null if n{A) = for each Banach measure on X. The 
family M of all absolutely null subsets is an ideal on X. This ideal coincides with the intersection M = Cl^Mfj, 
where /i runs over all Banach measure of X. 

Theorem 6.1. Each amenable group X is twinic. The twinic ideal XL of X lies in the ideal M of absolute 
null subsets of X. 

Proof. It suffices to check that the ideal M is twinic. Take any set A C X such that xA Cj\f X \ A Cj\f yA 
for some x,y X. We need to show that fJ-{yA \ xA) = for each Banach measure /i on X. It follows from 
xA Cj\f X \A Cj\f yA and the invariance of the Banach measure /i that 



fi{A) = fi{xA) < fiiX \ A) < fi{yA) = f,{A) 
and hence fJ.{yA \ xA) = fJ-{A) — n{A) = 0. 



□ 
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Next, we show that the class of twinic groups contains also some non- amenable groups. The simplest 
example is the Burnside group B(n,m) for n > 2 and odd m > 665. We recall that the Burnside group 
B(n,m) is generated by n elements and one relation = 1. Adian [T] proved that for n > 2 and any odd 
m > 665 the Burnside group B(n,m) is not amenable, see also for a stronger version of this result. The 
following theorem implies that each Burnside group, being a torsion group, is twinic. Moreover, its twinic 
ideal IL is trivial! 

Theorem 6.2. A group X has trivial twinic ideal TL = {0} if and only if the product ah of any elements 
a,b ^ X belongs to the subsemigroup of X generated by the set b^ • where a^ = {a,a^^}. 

Proof. To prove the "only if" part, assume that H ^ {0}. Then JLn+i 7^ {0} = for some n € w and 
we can find a subset A C X and points a,b £ X such that a~^A C X \ A C bA but aA ^ bA. Consider 
the subsemigroup FiX(^(A) = {x £ X : xA C A} C X and observe that b^^a^^ G FiX(^(A). The inclusion 
a~^A C X \ ^ implies a~^A n A = which is equivalent to ^ n = and yields aA C X \ A C bA. Then 
b~^a G Fixc(A). 

Now consider the chain of the equivalences 

X\AcbA ^ A[JbA = X ^ b-^AuA = X ^ X\Acb-^A 

and combine the last inclusion with aA U a~^A C X \ A to obtain ba,ba'^ G FiX(^(A). Now we see that 
the subsemigroup S of X generated by the set {l,ba,ba~^ ,b~^a,b~^a~^} lies in FiX(^(A). Observe that 
b^^a^^A ^ A implies abA A, ab ^ FiX(^{A) D S, and finally ab ^ S. This completes the proof of the "only 
if" part. 

To prove the "if" part, assume that the group X contains elements a, b whose product ab does not belong 
to the subsemigroup generated by b^a^ where = {a, a~^} and b^ = {b,b~^}. Then ab does not belongs 
also to the subsemigroup S generated by {1} U 6^a^. Observe that a^S = S~^a'^ and b^S^^ = Sb^. 

We claim that 

(2) S n = and S n Sb^ = 0. 

Assuming that S fl a^S ^ we would find a point s G 5 such that as G 5 or a~^s G S. If as G S, then 
6s-i = bias)-^a G bS'^a C Sb^a C S and hence b = bs-^s e S ■ S C S. Then a± = b{b-^a^) C S ■ S C S, 
b^ = {b^a)a~^ £ S ■ S C S and finally ab £ S ■ S C S, which contradicts ab ^ S. By analogy we can treat the 
case a~^s G 5 and also prove that S R Sb^ = 0. 

Consider the family V of all pairs {A,B) of disjoint subsets of X such that 

(a) a^A C B and b^B C A; 

(b) S-^B C B; 

(c) leA,abeB. 

The family V is partially ordered by the relation {A, B) < {A', B') defined hy A C A' and B C B'. 
We claim that the pair 

(^0, ^o) = {SU Sb'^ab, S'^a"^ U S'^ab) belongs to V. Indeed, 

a^Ao = a^S U a^Sb^ab C S'^a^ U S~^aH^ab C S-^a^ U S'^ab C Bq. 

By analogy we check that b^BQ C Aq. The items (b), (c) trivially follow from the definition of Aq and Bq. It 
remains to check that the sets Aq and Bq are disjoint. 
This will follow as soon as we check that 

(d) SnS-'^a^ = 0, 

(e) 5n5-ia6 = 0, 

(f) Sb^ab n S-^a^ = 0, 

(g) Sb^abnS-^ab = (D. 

The items (d) and (g) follow from ([2]). The item (e) follows from ab ^ S ■ S = S. By the same reason, we get 
the item (f) which is equivalent to ab ^ b^S~^ ■ S~^a^ = b^S~^a^ = Sb^a^ C S. 

Thus the partially ordered set V is not empty and we can apply the Zorn Lemma to find a maximal 
pair [A,B) > {Aq,Bq) in V. We claim that A\J B = X . Assuming the converse, we could take any point 
X G X \ (A U and put A' = Au Sx, B' = B U a^Sx. It is clear that a^A' C B' and b^B' C A', 
S-^B' = S-^B U S-^a^Sx CBU a^SSx = B',leAcA' and ab e B C B'. 
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Now we see that the inclusion (A' , B') € V will follow as soon as we check that A' r\ B' = 0. The choice 
oi X ^ B = S~^B guarantees that Sx fi i? = 0. Assuming that a^Sx A ^ 0, we would conclude that 
X S S^'^a^A C S^^B C B, which contradicts the choice of x. Finally, the sets Sx and a^Sx are disjoint 
because of the property ([2]) of S. Thus we obtain a contradiction: {A\B') € is strictly greater than the 
maximal pair [A, B). This contradiction shows that X = A\J B and consequently, aA <Z X \ A <Z B d bA, 
which means that the set A is pretwin and then bA \ aA € Hi C H. Since 1 G ^ \ b^^a^^A, we conclude that 
bA \ a~^A 3 bis not empty and thus H / {0}. □ 

We recall that a group X is periodic (or else a torsion group) if each element x G X has finite order (which 
means that x" = e for some n £ N). We shall say that a group X has periodic commutators if for any 
x,y G G the commutator [x, y] = xyx~^y~^ has finite order in X. It is intersecting to note that this condition 
is strictly weaker than the requirement for X to have periodic commutator subgroup X' (we recall that the 
commutator subgroup X' coincides with the set of finite products of commutators), see [6]. 

Proposition 6.3. Each group X with periodic commutators has trivial twinic ideal TL = {0}. 

Proof. Since X has periodic commutators, for any points x,y (z X there is a number n € N such that 

xyx^^y^^ = {yxy~^x^^)^^ = (yxy^^x^^)^ 

and thus xy = (yxy^^x^^)"" - yx belongs to the semigroup generated by the set y^ -x^. Applying Theorem 16.21 
we conclude that the group X has trivial twinic ideal H = {0}. □ 

We recall that a group G is called abelian-by-finite (resp. finite-by-abelian) if G contains a normal Abelian 
(resp. finite) subgroup H C G with finite (resp. Abelian) quotient G/H. Observe that finite-by-abelian 
groups has periodic commutators and hence has trivial twinic ideal H. 

In contrast, any abelian-by-finite groups, being amenable, is twinic but its twinic ideal H need not be 
trivial. The simplest counterexample is the isometry group Iso(Z) of the group Z of integers endowed with 
the Euclidean metric. 

Example 6.4. The abelian-by-finite group X = Iso(Z) is twinic. Its twinic ideal H coincides with the ideal 
[X]<'^ of ah finite subsets of X. 

Proof. Let a : x i— )> x + 1 be the translation and 6 : x i-^ — x be the inversion of the group Z. It is easy 
to see that the elements a, b generate the isometry group X = Iso(Z) and satisfy the relations b^ = 1 and 
bab~^ = a~^. Let Z = {a" : n E Z} be the cyclic subgroup of X generated by the translation a. This subgroup 
Z has index 2 in X = Z U Zb. 

First we show that the ideal I = [X]^^ of finite subsets of X is twinic. Let ^4 C X be a subset with 
xA Ci X \A Cx yA for some x,y £ X. We need to show that yA =x xA. 

We consider three cases. 

1) x,y G Z. In this case the elements x, y commute. The I-inclusion xA Ci yA implies y^^xA Cx A. 
We claim that y^^xA Dx A. Observe that the X-inclusion xA Cx X \ ^4 is equivalent to xA n A £ I and to 
A n x~^A € I, which implies x~^A Cx X \ A. By analogy, X \ A Cx yA is equivalent to yA U A =x X and 
to A U y~^A =x X, which implies X\A Cx y~^A. Then x~^A Cx X\A Cx y~^A implies yx'^A Cx A and 
by the left-invariance of X, A Cx xy~^A = y~^xA (we recall that the elements x,y~^ commute). Therefore, 
y^^xA =x A and hence xA =x yA. 

2) X £ Z and y £ X\Z. Repeating the argument from the preceding case, we can check that xA Cx X\A 
implies x^^A Cx X \ ^. Then we get the chain of I-inclusions: 

xAcxX\Acx yA Cx y{X \ xA) = yx{X \ A) Cx yxyA =x xA, 

where the last X-equality follows from the case (1) since x,yxy € Z. Now we see that xA =x yA. 

3) X ^ Z. Then xA Cx X \A Cx yA implies 

x~^bA = bxb^^bA = bxA Cx X\bA Cx byA = y~^bA. 

Since x~^b £ Z, the cases (1),(2) imply the X-equality x^^bA =x y^^bA. Shifting this equality by b, we see 
that xA = bx^^bA =x by~^bA = yA. 
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This completes the proof of the twinic property of the ideal X = [X]'^^. Then the twinic ideal IL C [X]^"^. 
Since [X]^'^ is the smallest non-trivial ideal on X, the equality H = [X]'^^ will follow as soon as we find a 
non-empty set in the ideal H. 

For this consider the subset A = {a'^'^^ , ba^"^ : n > 0} C X and observe that X \A = {a^"',ba^^^ : n > 
0} = bA witnessing that AgJ. Observe also that a A = {a"+^, aba"" : n > 0} = {a"+^, 5a~"~^ : n > 0} A 
and thus baA (1 X\A = bA. Then 7^ baA\bA € Hi C H witnesses that the twinic ideal H is not trivial. □ 

Next, we present (an expected) example of a group, which is not twinic. 

Example 6.5. The free group F2 with two generators is not twinic. 

Proof. Assume that the group X = F2 is twinic and let H be the twinic ideal of F2. Let a, b be the generators 
of the free group F2. Each element w & F2 can be represented by a word in the alphabet {a, a"^, 6, 6^^}. 
The word of the smallest length representing w is called the irreducible representation of w. The irreducible 
word representing the neutral element of F2 is the empty word. Let A (resp. B) be the set of words whose 
irreducible representation start with letter a or (resp. b or b~^). Consider the subset 

C = {a^^'w -.wGBU {e}, n G Z} C F2 

and observe that abaC C X \ C = aC. Then aC \ abaC € 2Li by the definition of the subideal Hi C H. 
Observe that a^baC C aC \ abaC and thus a^baC G TLi. Then also C ^ Hi and X \C = aC ^ TLi hy the 
left-invariance of TLi. By the additivity of TLi, we finally get X = C U {X \ C) G TLi C which is a desired 
contradiction. □ 

Next, we prove some permanence properties of the class of twinic groups. 

Proposition 6.6. Let f : X ^ Y be a surjective group homomorphism. If the group X is twinic, then so is 
the group Y . 

Proof. Let ILx be the twinic ideal of X. It is easy to see that I = {B C Y : f~^{B) G Hx} is a left-invariant 
ideal on the group Y. We claim that it is twinic. Given any subset A CZ Y with xA dx Y \ A Ci yA for 
some x,y G Y, let B = f~^{A) and observe that x'B C^r X \ B C21 y'B for some points x' G f~^{x) and 
y' G f^^{y). The twinic property of the twinic ideal H guarantees that f~^{yA\xA) = y'B\x'B G IL, which 
implies yA \ xA G I and hence xA =x Y \A =x yA. □ 

Problem 6.7. Is a subgroup of a twinic group twinic? Is the product of two twinic groups twinic? 

For groups with trivial twinic ideal the first part of this problem has an affirmative solution, which follows 
from the characterization Theorem 16.21 

Proposition 6.8. (1) The class of groups with trivial twinic ideal is closed with respect to taking subgroups 
and quotient groups. 

(2) A group X has trivial twinic ideal if and if any 2-generated subgroup of X has trivial twinic ideal. 

7. 2-COGROUPS 

It follows from Proposition ?? that for a twin subset A C X the stabilizer Fix(A) of A is completely 
determined by the subset Fix~(A) because Fix(j4) = x ■ Fix" (A) for each x G Fix~(j4). Therefore, the subset 
Fix~{A) carries all the information about the pair {Fix^{A),Fix{A)). The sets Fix" (A) are particular cases 
of so-called 2-cogroups defined as follows. 

Definition 7.1. A subset K of a group X is called a 2-cogroup if for every x G K the shift xK = Kx is a 
subgroup of X, disjoint with K. 

By the index of a 2-cogroup in X we understand the cardinality of the set X/K = {xK : x G X}. 

2-Cogroups can be characterized as follows. 

Proposition 7.2. A subset K of a group X is a 2-cogroup in X if and only if there is a (unique) subgroup 
of X and a subgroup H C of index 2 such that K = \ H and H = K ■ K . 



ALGEBRA IN SUPEREXTENSIONS OF TWINIC GROUPS 



15 



Proof. If is a 2-cogroup, then for every x & K the shift H = xK = Kx is a subgroup of X disjoint with K. It 
follows that K = x-^H = Hx~'^. Since x ^ G a; = K, the shift x = Kx ^ is a group. Consequently, 
x~^Kx~^K = x~^K, which implies Kx~^K = K and Hx~^x~^Hx~^ = Kx~^K = K = Hx~^. This implies 
x~'^ G H and x'^ G H. Consequently, xH = x~^x^H = x~^H = K = Hx~^ = Hx^x~^ = Hx. 
Now we are able to show that = H U K is a group. Indeed, 

{HUK)-{HU K)-^ C HH~^ U HR-^ U KH~^ U KK"^ C 

C if U HHx U xHH U Hx-^xH ^H\JKUK\JH = H^. 

Since K = Hx = xH, the subgroup H = K ■ K has index 2 in H^. The uniqueness of the pair [H^,H) 
follows from the fact that H = K ■ K and = KK U K. This completes the proof of the "only if" part. 

To prove the "if" part, assume that is a subgroup of X and H C is a subgroup of index 2 such 
that K = \ H. Then for every x & K the shift xK = Kx = H is a subgroup of X disjoint with K. This 
means that is a 2-cogroup. □ 

By /C we shall denote the family of all 2-cogroups in X. It is partially ordered by the inclusion relation C 
and is considered as an X-act endowed with the conjugating action 

• : X X /C ^ /C, ■:{x,K)^ xKx'^, 

of the group X. For each 2-cogroup K e K. let Stab(iC) = {x E X : xKx~^ = K} be the stabilizer of K and 
[K] = {xKx~^ : x e X} be the orbit of K. By [K] = {[K] : K E K.} he denote the orbit space of /C by the 
action of the group X. 

Observe that for each 2-cogroup K £ IC the stabilizer Stab(ivr) contains KK as a normal subgroup. So, 
we can consider the quotient group H{K) = S\,ab{K)lKK called the characteristic group of the 2-cogroup 
K. Characteristic groups will play an important role for understanding the structure of maximal subgroups 
of the minimal ideal of the semigroup \{X). 

Since for each twin subset Ac X the set Fix" (A) is a 2-cogroup, the function 

Fix- : T -5- /C, Fix- : A ^ Fix-(y4), 
is well-defined and equivariant according to Proposition ??. A similar equivariant function 

X-Fix" : ^ /C, X-Fix" : A ^ Z-Fix"(A), 

can be defined for any left-invariant ideal X on a group X. 

Let K. denote the set of maximal elements of the partially ordered set {JC, c). The following proposition 
implies that the set K. lies in the image Fix-(T) and is cofinal in /C. 

Proposition 7.3. (1) For any linearly ordered family C C IC of 2-cogroups in X the union UC is a 

2-cogroup in X. 

(2) Each 2-cogroup K £ IC lies in a maximal 2-cogroup K £ fC. 

(3) For each maximal 2-cogroup K !C there is a twin subset ^ G T with K = Fix-(^). 

Proof. 1. Let C C /C be a linearly ordered family of 2-cogroups of X. Since each 2-cogroup C G C is 
disjoint with the group C ■ C and C = C ■ C ■ C, we get that the union K = UC is disjoint with the union 
UcgC C ■ C = K ■ K and K = UceC ^ ~ UceC C ■ C ■ C = K ■ K ■ K witnessing that K is a 2-cogroup. 

2. Since each chain in /C is upper bounded, the Zorn Lemma guarantees that each 2-cogroup of X lies in a 
maximal 2-cogroup. 

3. Given a maximal 2-cogroup K G JC, consider the subgroups H = K ■ K and = K U H of X and 
choose a subset S C G meeting each coset H'^x, x e X, at a single point. Consider the set A = H-S and note 
that X \A = KS = xA for each x E K, which means that K C Fix-(A). The maximality of K guarantees 
that K = Fix- (A). □ 

It should be mentioned that in general, Fix-(T) ^ K,. 

Example 7.4. For any twin subset A in the 4-element group X = C2 ® C2 the group Fix(yl) is not trivial. 
Consequently, each singleton {a} d X \ {e} is a 2-cogroup that does not belong to the image Fix-(T). 
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The family fC of maximal 2-cogroup allows us to define an important family 

J ={AeJ : Fix-(^) € 

of twin sets. It is clear that 

T= U Tx= U 

where 

Tj^ = g T : Fix~(yl) = K] and T[/^] = G T : Fix-(^) € [K]} 

for a 2-cogroup K € /C. 

A left-invariant subfamily F C T is called 

• K-covering if for each maximal 2-cogroup K G IC there is a twin set ^ S F with Fix~(^) = K; 

• minimal fC- covering if F coincides with each /C-covering left-invariant subfamily E C F. 

Proposition 7.5. For any function f € EndA(P(^)) the family /(T) is left-invariant and IC-covering. 

Proof. The equivariance of the function / and the left-invariance of the family T imply the left-invariance of 
the family /(T). To see that /(T) is /C-covering, fix any maximal 2-cogroup K G IC and using Proposition 17.31 
find a twin set ^ C X with Fix~{A) = K. We claim that Fix"(/(A)) = Fix"(A) = K. By Corollary iMl the 
function / is equivariant and symmetric. Then for every x G Fix" (A), applying / to the equality xA = X\A, 
we get 

X f{A) = fixA) = f{X\A) = X\ f{A), 

which means that x G Fix~(/(y4)) and thus Fix~(j4) C Fix"(/(j4)). Now the maximality of the 2-cogroup 
Fix- (A) guarantees that Fix" (/(A)) = Fix~(^). □ 

The following proposition describing the structure of minimal /C-covering left-invariant families can be easily 
derived from the definitions. 

Proposition 7.6. A left-invariant subfamily F C T is minimal JC-covering if and only if for each K G K. 
there is a set A G f such that F n 'F[k] = [^]- 

8. (Maximally) X-independent families 

Let X be a left-invariant ideal on a group X. A family F C P(^) is called 

• I-independent if Vvl, B ef {A Cx B =^ A =x B); 

• maximally I-independent if VA, B G f (A Cx B A = B). 

Proposition 8.1. A left-invariant ideal I on a group X is twinic if and only if the family pT'^ of X-pretwin 
sets is X -independent. 

Proof. First assume that the family pT"^ is X-independent. To show that the ideal X is twinic, take any subset 
Ad X with xA (Zx X\A <Zx yA for some x,y e X. Then ^4 G T^ and also xA, yA G T^. Since xA Cx yA, 
the X-independence of the family T-^ implies that xA =x yA and then xA =x X\A =x yA, which means that 
the ideal X is twinic. 

Now assume conversely that X is twinic and take two X-pretwin sets A Cx B. Since the sets A,B are 
X-pretwin, there are elements x,y £ X such that xB Cx X \ B and X \A Cx yA. Taking into account that 

xB CxX\B CxX\ACxyACx yB, 
and X is twinic, we conclude that X \ B =x X \A and hence A =x B. □ 

Proposition 8.2. For a left-invariant ideal X a subfamily F C pT"^ is (maximally) X-independent if for each 
A G F the subgroup X-Fix(yl) (resp. Fix(74) ) has finite index in X . 
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Proof. Assume that for each ^ G F the subgroup I-Fix(^) has finite index in X. To show that the family F 
is X-independent, take any subsets A Ci B in F. Since both sets are X-pretwin, there are x,y X such that 
xB Ci X \ B and X\A C yA. Taking into account that A Cj B we conclude that X \ B Cj X \ A and thus 

B Ci x-\X \ B) Cj x-^{X \ A) Cj x'^yA Cx x'^yB. 

By induction, the inclusion B Ci x^^yB implies B Cj {x^^y)"'B for all n G N. Since the subgroup T-Fyx.{B) 
has finite index in X, there is a number n S N such that (x^^y)^ G X-Fix(i?). For this number n we get 

B Ci x'HX \ B) Ci {X \ A) Ci x'^yB Ci {x'^yTB =i B 

and hence x^'^{X \ B) =i x^'^{X \ A), which implies A =i B. 

Now assume that for each set A G F the group Fix(A) has finite index in X. Then also the subgroup 
Z-Fix(j4) D Fix(A) has finite index in X and hence the family F is X-independent by the preceding discussion. 
The total independence of F will follow as soon as we show that A = B for any two sets A =i B in F. Assume 
conversely that A ^ B. Without loss of generality, A B and hence there is a point b & B \ A. It follows 
from our assumption that the subgroup H = Fix{A) n Fix(ii?) has finite index in X and hence bH C B \A. 
This and the Z-equality A =i B imply B \A £ I and bH G I. Since the subgroup H has finite index in X, 
there is a finite set F C X such that FH = X. Then X = [J^^pxH G Z by the left-invariance of the ideal, 
which is a contradiction. □ 

Proposition 8.3. A minimal IC-covering left-invariant subfamily F C T is maximally X-independent if and 
only if it is X-independent. 

Proof. Assume that F is Z- independent and take any two sets A Ci in F. Then A =i B by the X- 
independence of F. Since Fix^(A) C Z-Fix^(A), the maximality of Fix~(j4) G /C guarantees that Z-Fix~(A) = 
Fix-(^). By the same reason, Z-Fix"(5) = Fix" (5). Then A =i B implies Fix" (A) = X-Fix-(^) = 
Z-Fix~(5) = Fix~(i?) and hence A,B £ '^[K] for the maximal 2-cogroup K = Fix~(^) = Fix~(ii?). Since the 
intersection F n T[/^] lies in some orbit, we get [A\ = [B] and hence A = xB for some x G X. It follows from 
B =iA = xB that x G X-Fix{B) = Fix{B) and thus A = xB = B. □ 

9. The characteristic group H{K) of a 2-cogroup K 

In this section we study the algebraic structure of the characteristic group H{K) of a maximal 2-cogroup 
-fC G /C of a group X. In particular, we show that each finite characteristic group H{K) is isomorphic either 
to the cyclic 2-group or to the group of generalized quaternions ■ 

Here C2" = {z € C : z'^ =1} stands for the cyclic group of order 2" and 

C200 = C2n 

denotes the quasi-cyclic 2-group. 

Let Qs = {±l,±i,±j,±k} be the quaternion group. It is a multiplicative subgroup of the quaternion 
algebra M. The multiplicative subgroup of HI generated by the union C2n-i U Qs for n < 00 is denoted by (52" 
and is referred to as the group of generalized quaternions, see [TT]. According to this definition, Q2" = Qs foi' 
n < 3. 

It should be mentioned that for n > 3 the generalized quaternion group (52" has presentation 

/ I 2 2"~2 4 1 -1 -1\ 

{x,y \ X = y , X =1, xyx = y ). 

The groups C2" and (52" are examples of locally finite 2- groups. We recall that a group G is called a 
2-group if the order of each element of (? is a power of 2. A group G is locally finite if each finitely generated 
subgroup of G is finite. 

Theorem 9.1. Let K £ KL be a maximal 2-cogroup in a group X . Then 

(1) H{K) is a 2-group with a unique 2-element subgroup. 

(2) each finite subgroup of H[K) is isomorphic to (^2" or Q2" for some n G N; 

(3) each infinite abelian subgroup of H{K) is isomorphic to (72°°; 

(4) each infinite locally finite non-abelian subgroup of H[K) is isomorphic to Q2°° . 
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Proof. 1. Let q : Stab(i^) H{K) be the quotient homomorphism. Take any element x & K and consider 
its image d = q{x). Since K = xKK, the image q{K) = {d} is a singleton. Taking into account that x ^ KK 
and x"^ G KK, we see that the element d has order 2 in H{K). We claim that any other element a of order 2 
in H{K) is equal to d. Assume conversely that some element a ^ d oi H{K) has order 2. 

Let be the subgroup of H{K) generated by the elements a, d and C be the cyclic subgroup generated 
by the product ad. We claim that d ^ C. Assuming conversely that d G C, we conclude that d = (ad)'^ for 
some n G Z. Then a = add = ad(ad)^ = (ad)^'^^ G C and consequently a = d (because cyclic groups contain 
at most one element of order 2). It is clear that = C U dC, which means that the subgroup C has index 
2 in C^. 

Consider the subgroups = q~^{C^), H = q~^{C) and observe that the 2-cogroup \ if is strictly 
larger than K, which contradicts K G IC. 

Since d is a unique element of order 2 in H{K), the cyclic subgroup D generated by d is normal in H{K). 
Consequently, for each non-trivial subgroup G C H{K) the product D ■ G = G ■ D is subgroup in H{K). 
Now we see that G must contain d. Otherwise, dG would be a 2-cogroup in H(K) and its preimage q~^{dG) 
would be a 2-cogroup in X that contains the 2-cogroup K as a proper subset, which is impossible as -R' is a 
maximal 2-cogroup in X. 

Therefore each non-trivial subgroup of H{K) contains d. This implies that each element x G H{K) has 
finite order which a power of 2, witnessing that H{K) is a 2-group with a single element of order 2. 

2. The second item follows from the first one and Theorem 6.3.6 [T7] saying that each finite 2-group with 
a unique element of order 2 is isomorphic to C2" or (^2" for some n G N. 

3. Let G be an infinite abelian subgroup of H[K). Being an abelian 2-group, G is locally finite and hence 
can be written as the union G = IJfcea; increasing sequence of finite subgroups. By the preceding item, 
each subgroup Gk is cyclic of order 2'^'= for some n^. Now it is seen that G is isomorphic to the quasicyclic 
group C2°o. 

4. Let G be an infinite non-commutative locally finite subgroup of H{K). Write G = UneLJ^^ ^ 
union G = IJ^^^Gk of an increasing sequence of non-commutative finite subgroups Gk or order \Gk\ > 16. 
By the item 2, each subgroup G^ is isomorphic to the generalized quaternion group (52"fe for some n/c > 4. It 
follows that Gk has a unique abelian subgroup Ak of order 2"*/2 and this subgroup is cyclic. Moreover, for 
each element x G Gk \ Ak and each o G we get xax^^ = a^^. It follows that Ak C Ak+i and the union 
A = Ufcgw is isomorphic to the quasicyclic group C2°o and has index 2 in G. Also for each x G G\A and 
a G ^ we get xax~^ = a~^, witnessing that G is isomorphic to the group Q2°°. □ 

10. Twin-generated topologies on groups 

In this section we study so-called twin- generated topologies on groups. The information obtains in this 
section will be used in Section [15] for studying the topological structure of maximal subgroups of the minimal 
ideal of the superextension X{X). 

Given a twin subset ^ of a group X consider the topology ta on X generated by the subbase consisting of 
the right shifts Ax, x X. In the following proposition by the weight of a topological space we understand 
the smallest cardinality of a sub-base of its topology. 

Proposition 10.1. (1) The topology ta turns X into a right-topological group. 

(2) If Ax = xA for all x G Fix~(^), then the topology ta is zero- dimensional. 

(3) The topology ta is Ti if and only if the intersection HxeA ^^"""^ a singleton. 

(4) The weight of the space {X,ta) does not exceed the index of the subgroup 'F\yi{A~^) in X. 

Proof. 1. It is clear that the topology ta is right-invariant. 

2. If Ax = xA for all x G Fix" {A), then the set X \ A is open in the topology ta because X\A = xA = Ax 
for any x G Fix~(^). Consequently, the space {X,ta) has a base consisting of open-and-closed subsets, which 
means that it is zero-dimensional. 

3. If the topology ta is Ti, then the intersection Pl^eA^^^^ ^ open neighborhoods of the neutral 
element e of X consists of a single point e. Assuming conversely that is a singleton {e}, for any 
two distinct points x,y G X we can find a shift Ag~^ , g £ A, that contains the neutral element e but not 
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yx ^. Then the shift Ag is an open subset of {X,t) that contains x but not y, witnessing that the space 
{X,ta) is Ti. 

4. To estimate the weight of the space (X, r^i), choose a subset S d X meeting each coset xFix(j4~^), 
X G X, at a single point (here Fix(A~^) = {x ^ X : xA~^ = A~^}). Then the set meets each coset 
Fix(A~^)x, X € X, at a single point. It is easy to see that the family {Ax : x ^ S~^} forms a sub-base of the 
topology of T and hence the weig ht of (X,t) does not exceed X/Fix(^~^). □ 

A topology r on a group X will be called twin- generated if r is equal to the topology ta generated by some 
twin subset A C X, i.e., r is generated by the sub-base {Ax : x € X}. 

Because of Theorem 19.11 we shall be especially interested in twin-generated topologies on the quasi-cyclic 
group C200 and the infinite quaternion group Q2°°- First we consider two simple examples. 

Example 10.2. (1) The Euclidean topology te on €2°° is generated by the twin subset E = €2°° n {e*''' : 

(2) The Sorgefrey topology on C200 is generated by the twin subset A = C200 n {e*''' : < 99 < vr}. 

In the following proposition by te we denote the Euclidean topology on €2°° ■ 

Proposition 10.3. Each metrizable shift-invariant topology t D te on the quasi-cyclic group C2°° is twin- 
generated. 

Proof. Let Eq = €2^ n {e^'^ : — 7r/3 < ip < 2tt/3} he the twin subset generating the Euclidean topology on 
C2°o and En = C2°° n {e*"^ : \ip\ < 3""-"^} for n > 1. For every n e N let 99„ = Y2=i ^Z^"" and observe that 
^oo = Er=iVr/4" = ^/3. 

The metrizable space {C2°°,t) is countable and hence zero-dimensional. Since t D te, there exists a 
neighborhood base {Un}^=i C t at the unit 1 such that each set C/„ is closed and open in r and C/„ C E^ for 
ah n G N. 

The interested reader can check that the twin subset 

00 00 00 

A = {Eo\(j e'^-En) U U e^'^"[/„ U |J e'^^+^-^E^ \ Un 

n=l n=l n=l 

generates the topology r. □ 
Problem 10.4. Is each metrizable shift-invariant topology on C2°° twin-generated? 

11. The CHARACTERISTIC GROUP H{A) OF A TWIN SUBSET A 

In this section, given a twin subset j4 € T of a group X we introduce a twin-generated topology on the 
characteristic group H{K) of the 2-cogroup K = ¥yx~{A). 

Consider the intersection B = Ar\ Stab(i^) = B ■ KK and the image A' = qA{B) of the set B under the 
quotient homomorphism qA ■ Stab(i^) H{K) = Siah{K)/KK. We claim that A' is a twin subset of H{K). 

Indeed, for every x € Fix~(y4) = K C Stab(A') we get X \ A = xA and consequently, Stab(iir) \ B = xB 
and H{A) \A' = zA' where z E qAix). 

Now it is legal to endow the group H{K) with the topology ta' generated by the twin subset A' , that is 
generated by the sub-base {A'x : x € H{K)}. By Proposition 110.11 the topology ta' turns the characteristic 
group H{K) into a right-topological group, which will be called the characteristic group of A and will be 
denoted by H{A). By Proposition 110.1] the characteristic group H{A) is a Ti-space and its weight does not 
exceed the cardinality of H[A). 

The reader should be conscious of the fact that for two twin subsets j4,i? E T with Y\yi~ [A) = YyxT [B) 
the characteristic group H{A) and H{B) are algebraically isomorphic but topologically they can be distinct, 
see Example 110.21 

12. Constructing nice idempotents in the semigroup EndA(P(X)) 

In this section we prove the existence some special idempotents in the semigroup End;^(P(X)). These 
idempotents will help us to describe the structure of the minimal ideal of the semigroup End;^(X) and X{X) 
in Theorems 113.11 and Corollary 113.21 
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In this section we assume that I is a left-invariant ideal in a group X. We recall that pT'^ and T-^ denote 
the families of X-pretwin and X-twin subsets of X. A function / : F — )• P{X) defined on a subfamily F C P(^) 
is called X-free if f{A) = f{B) for any sets A =x B in F. 

Proposition 12.1. There is an idempotent ex G EndA(P(-^)) such that 



ex{P{X)\pJ^)c{$,X}; 
ex|pT^ = id|pT^; 

the function ex restricted to P{X) \ pT"^ is 2 -free. 



^' --7- 

Proof. Consider the family N-^iX) C P^(X) of invariant X-free linked systems on X, partially ordered by the 

inclusion relation. This set is not empty because it contains the invariant X-free linked system {X\A : ^ € X}. 

•o- 

By the Zorn Lemma, the partially ordered set N2{X) contains a maximal element C, which is a maximal 
invariant X-free linked system on the group X. By the maximality, the system C is monotone. Now consider 
the family 

= {Ac X -.yL £ C {AnL^ 0)}. 

Claim 12.2. C^\Cc pT^. 

Proof. Fix any set A € \ C First we check that xA n A £ I for some x £ X. Assuming the converse, we 
would conclude that the family A = {A' C X '.Bx £ X {A' =x xA)} is invariant, X-free and linked, and so is 
the union AU C, which is not possible by the maximality of C So, there is x £ X with xA CiA £ I, which is 
equivalent to xA Cx X \A. 

Next, we find y £ X such that A U yA =x X, which is equivalent to X \A Cj yA. Assuming that no such 
a point y exists, we conclude that for any x,y £ X the union xA U yA ^x X. Then (X \ xA) n {X \ yA) = 
X \ (xA U yA) ^ X, which means that the family B = {B C X : 3x £ X (B =x X \ xA)} is invariant X-free 
and linked. We claim that X \ A £ Assuming the converse, we would conclude that X \ A misses some 
set L £ C Then L C A and hence A £ C which is not the case. Thus X \ A £ . Since L is invariant and 
X-free, B C L-^ and consequently, the union U £, being an invariant X-free linked system, coincides with C 
Then X\A £ C, which contradicts A £ C^. This contradiction shows that X\A <Zx yA for some y £ X. 

Since xA Cx X\A Cx yA, the set A is X-pretwin. □ 

Consider the function representation : P{X) PiX) of C. By Propositions 14.3] and 14.5] the function 

is equivariant, monotone, X-free, and <1>£(P(X)) C {0,X}. 
It is clear that the function ex ■ P{X) — )• P{X) defined by 



ei{A) 



A ifA£ pT^, 

^c{A) otherwise 

has properties (l)-(3) of Proposition 112.11 It is also clear that ex = ex o ex is an idempotent. 

We claim that ex £ EndA(P(^)). By Corollary 14.41 we need to check that ex is equivariant, monotone and 
symmetric. The equivariance of ex follows is the equivariance of the maps and id. 

To show that ex is monotone, take any two subsets A C B oi X and consider four cases. 

1) If A,B ^ pT"^, then exiA) = ^c{A) C ^ciB) = ex{B) by the monotonicity of the function representation 
of the monotone family C. 

2) IiA,B£ pT^, then ex{A) = AcB = ex{B). 

?)) A £ pT'^ and B ^ pT'^. We claim that B £ C Assuming that B ^ C and applying Claim [TT2l we get 
B ^ C^. Then B does not intersect some set L £ C and then ^ n L = 0. It follows that the set X \ A Z) L 
belongs to the maximal invariant X-free linked system and so does the set yA Dj X\A for some y £ X (which 
exists as ^ G pT"^)- By the left-invariance of we get A £ C which contradicts X\A £ C and the linkedness 
property of C. This contradiction proves that B £ C. \n this case ex{A) = A C X = ^c{B) = ex{B). 

4) A pT^ and B £ pT^. In this case we prove that A ^ C. Assuming conversely that ^ E £, we get 
B £ C. Since B £ pT^, there is a point x £ X with xB Cx X \ B. Since £ is left-invariant, monotone and 
X-free, we conclude that X\B £ C which contradicts B £ C. Thus A ^ C and ex{A) = ^c{A) = C ex{B). 



ALGEBRA IN SUPEREXTENSIONS OF TWINIC GROUPS 



21 



Finally, we show that the function ej is symmetric. If ^ G pT"^; then X \A €z pT'^ and then ex{X \ A) = 
X\A = X\ex{A). 

Next, assume that A ^ pT"^- If A € £, then X \ A ^ C hy the linkedness of C. In this case ex{X \A) = 
= X\X = X\ei{A). 

If A ^ C, then by Claim 112.21 A ^ and thus A is disjoint with some set L £ C, which implies that 
X\A£ C. Then ei{X \A) = <^c{X \A)=X = X\ = X\ ^ciA) =X\ ex{A). □ 

Our second special idempotent depends on a subfamily T of the family 

f = {AGT:Fix-(^) g£} 

of twin sets with maximal 2-cogroup. 

Theorem 12.3. If the ideal X is twinic, then for any maximally X-independent left-invariant IC-covering 
subfamily T C T there is an idempotent Cj € EndJ(P(X)) such that 

(1) e^(P(X)\T^)c{0,X}; 

(2) e^(T^) C T;^ 

(3) e:j.|{0,X}UT = id. 

Proof. The idempotent ej will be defined as the composition Cj = ipoex where ip : {0, X} U T-^ ^ {0, X} U T 
is an equivariant T-free function such that 

(1) tfoip = ip;^ 

(2) (^|{0,X}UT = id; 

(3) (^(T^) C T; 

(4) X-Fix-(y4) C Fix-(v9(^)) for all A € T^. 

To construct such a function ip, consider the family T of all possible functions if : {0;-^} U T such 

that 

. {0,X}UTCL>^C{0,X}UT^; 

• the set Dip is left-invariant; 

• (f is equivariant and X-free; 

• (/?|{0,X}UT = id; 

• X-Fix-(yl) C Fix-{(p{A)) for all A G D^. 

The family is partially ordered by the relation (p < defined by il^\D^ = (/?. 

The set T is not empty because it contains the identity function id of {0,X}UT, which is I-free because of 
the maximal X-independence of the family T. By the Zorn Lemma, the family J-" contains a maximal element 
if : — > {0, X} U T. We claim that = {0, X} U T-^. Assuming the converse, fix a set A G T-^ \ and 
define a family = U {xA : x G X}. Next, we extend the function 99 to a function ^ : — > {0, X} U T. 

We consider two cases. 

1) Assume that A =x B for some B G D^. Then also xA =x xB for all x G X. In this case we define 
the function ip : — > {0,X} U T assigning to each set C G the set (p{D) where D G is any set with 
D =x C. It can be shown that the function ip : — )• {0, X} U T belongs to the family J-", which contradicts 
the maximality of ip. 

2) Assume that A ^x B for all B G D^. By Proposition 17.31 the 2-cogroup X-Fix~(^) lies in a maximal 
2-cogroup K £ fC. Since the /C-covering family T meets the family Tj^], there is a twin set B such that 
Fix^(i?) = K. In this case define the function Tp : ^ T by the formula 




if C G D^- 

if C = xA for some x G X. 



If xA =x yA for some x,y G X, then y~^x G X-Fix~(j4) <Z K = Fix^(i?) and thus xB = yB, which means 
that the function ip is well-defined and X-free. Also it is clear that ip is equivariant and hence belongs to the 
family which is forbidden by the maximality of (p. 
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Thus the maximal function is defined on = and we can put = i/j o ex where ex '■ — t- 
{0, X} U pT"^ = {0, X} U T-^ is the idempotent constructed in Proposition I12.ll It follows from the properties 
of the functions (/? and ex that the function is equivariant and Z-free. Since the ideal X is twinic, the 
family T-^ = pT^ is X-independent and hence the monotonicity of the function ip follows automatically from 
its X-free property. Then is monotone as the composition of two monotone functions. By Corollary 14.41 
ej G EndA(P(X)). □ 

Theorem 112.31 and Proposition 18.31 imply: 
Corollary 12.4. If the ideal I is twinic, then for each minimal left-invariant IC- covering family T C T there 



IS an I 



dempotent Cj £ End;^(P(X)) such that 

(1) e^(P(X)\J^)c{0,X}; 

(2) e^(T^) C T;^ 

(3) e^|{0,X}UT = id. 

13. The minimal ideal of the semigroups X{X) and EndA(P(^)) 

In this section we apply Corollary 112.41 for describing the structure of the minimal ideals the semigroups 
A(X) and EndA(P(X)). 

Theorem 13.1. For a twinic group X a function f € EndA(P(^)) belongs to the minimal ideal -R'(EndA(P(-^)) 
of the semigroup EndA(i-'(X)) if and only if the following two conditions hold: 

(1) the family /(T) is minimal K,-covering; 

(2) /(P(X))c{0,X}U/(f). 

Proof. Let T C T be a minimal /C-covering left-invariant family and Cj G EndA(P(^)) be an idempotent 

satisfying the conditions (l)-(3) of in Corollary 112.41 By Propositions 18. l l and 18.31 the family T is maximally 
X-independent for any twinic ideal I on X. 

To prove the "if" part of the theorem, assume that / satisfies the conditions (1), (2). To show that / 
belongs to the minimal ideal K (Endx{P {X))) , it suffices for each g € EndA(P(^)) to find h G EndA(P(^)) 
such that h o g o f = f . 

The minimality and the left-invariance of the /C-covering subfamily /(T) imply that the equivariant function 
ij) = Cj o 5'|/(T) : /(T) — )• T is bijective. So, we can consider the inverse function ^/^~^ : {0, X} U T — )• 
{0,X} U /(T) such that V""^ o Tp = id|{0,X} U /(T). This function is equivariant, symmetric, and monotone 
because so is ip and the family T is maximally X-independent. 

Then the function = tjj-'^ o e^^j^ : P{X) {0,X} U /(?) is well-defined and belongs to Endf (P(X)) by 
Corollary 14.41 Since / = (poipo f = {pocjogo f , the function / belongs to the minimal ideal of the semigroup 
EndA(P(X)). 

To prove the "only if" part, take any function / G K {Eiid\{P {X))) and for the idempotent G EndA(P(^)) 
find a function g G EndA(P(X)) such that f = g o CjO f. Now the properties (1), (2) of the function / follow 
from the corresponding properties of the idempotent Cj. □ 

Since the superextension X{X) of a group X is topologically isomorphic to the semigroup EndA(P(X)), 
Theorem 113.11 implies the following description of the minimal ideal K{X{X)) of A(X). 

Corollary 13.2. For a twinic group X a maximal linked system L G A(X) belongs to the minimal ideal 
K{X{X)) of the superextension X{X) if and only if its function representation satisfies two conditions: 

(1) the family ^c(T) is minimal K-covering; 

(2) $£(P(X))C{0,X}U/(T). 
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14. Minimal left ideals of the semigroup EndA(P(X)) 

After elaborating the necessary tools in Section [5lll3t we now return to the problem of describing the 
structure of minimal left ideals of the superextension \{X) of a group X. Our strategy is to find a relative 
small subfamily F C P(^) such that for the restriction operator i?p : EndA(P(^)) P{X)^ , Rf : i— )• ip\F, 
the compositions Rf o $ : X{X) — ?> P(^)'^ is injective on some (equivalently, each) minimal left ideal of X{X). 
For a twinic group X, such a special minimal left ideal will be found in the left ideal A'^(X) consisting of 
X-free maximal linked systems on X for a twinic ideal I on X. 

We recall that for a left-invariant ideal I on a. group X the left ideal X'^{X) is topologically isomorphic to 
its functional representation EndJ(P(X)), which consists of all X-free functions (p € EndA(P(^))- 

For a subgroup H C X a subfamily F C P(^) is called 

• H -invariant if xA £ F for each x (z H and A € F; 

• symmetric if X \A €z F for each yl G F; 

• X'' -invariant if ^^(F) C F for each 93 G EndJ(P(X)); 

• I-upper if F is symmetric and for any subset A G F and any twin set i? G T with X-Fix^ (A) C Fix^ (B) 
we get i? G F. 

Proposition 14.1. Each I-upper subfamily F C T"^ is X-^ -invariant. 

Proof. Given a function ip G EndJ(P(X)) and a subset A G F, we need to show that (p{A) G F. This 
will follow from the definition of an X-upper subfamily as soon as we check that ^{A) is a twin set with 
X-Fix~(A) C Fix~ ((p{A)). For any point x G X-Fix(j4), applying to the X-equality xA =x X \ A the 
(equivariant symmetric X-free) function ip, we get 

xip{A) = ip{xA) = ip{X \A) = X\ ip{A) 

and thus x G Fix^ {{p{A)). □ 

If a family F C P(-^) is A'^-invariant, then the projection 

Endi(F) = {vp|F : ip G Endi(P(X))} C F^ c P{Xf 

of End^(X) onto P{X)^ is a compact right-topological semigroup and the restriction operator i?F : End^(P(X)) — ?• 
EndJ(F) is a surjective continuous semigroup homomorphism. Then the composition 

<S>f = Rf:o^ : X^{X) Endf (F) 

also is a surjective continuous semigroup homomorphism. 
In the role of the subfamily F we shall consider the families: 

• pT"^ of X-pretwin subsets of X; 

• of X-twin subsets of X; 

• T of twin subsets of X; 

• T = {A G T : Fix~(^) G /C} of twin subsets with maximal 2-cogroup; 

• T[A'] = G T : Fix-(^) G [K]} where [K] = {xKx-^ : x G X} for G £; 

• = {A G T : Fix-(A) = K} for K ^K.. 

The following proposition easily follows from the corresponding definitions. 

Proposition 14.2. (1) The families pT"^, T-^, T, and T are X -invariant and I-upper. Consequently, 
they are X'^ -invariant. 

(2) For every maximal 2-cogroup K ^ K, the families '^[k] ^i^'d '^k ol^^ I-upper. The family T[k] 
X -invariant while T k is Stah{K) -invariant. 

For any maximal 2-cogroup K ^ KL the chain 

P{X) D pT^ D T^ D T D f D J^k^ D Jk 

of A-^-invariant subsets of P{X) induces a chain of compact right-topological semigroups 

End5(P(X)) ^ End5(pT^) ^ Endi(T^) ^ Endi(T) ^ Endi(f ) ^ End5(T[,,.]) ^ End5(T;,) 
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linked by the restriction operators which are continuous semigroup homomorphisms. 

If the ideal X is twinic, then the families pT"^ and T-^ coincide and so do the semigroups EndJ(pT^) and 
Endi(T^). 

Now we characterize functions belong to the semigroup Endf (T^). We shall do that in a more general 
context of I-upper subfamilies of T-^. 

Proposition 14.3. Lei F C T-^ he an X-upper subfamily. A function ip : f ^ F belongs to the semigroup 
EndJ(F) if and only if 

(1) (f is equivariant in the sense that Lp{xA) = x(p{A) for all x ^ X and A E F with xA € F; 

(2) f is monotone in the sense that ^{A) C (p{B) for any subsets A,B & f with A C B; 

(3) (f is X-free in the sense that <f{A) = (p{B) for any sets A,B G f with A =x B; 

(4) X-Fix-(^) C Fix-((^(^)) for each set ^ G F. 

Proof. To prove the "only if" part, take any function p £ End^(F) and find a function (p G End^(P(X)) such 
that if = (p\f. 

It follows from Proposition 14.31 that the function ip satisfies the conditions (l)-(3). To check the condition 
(4), take any set ^4 G F C T-^ and an element x G X-Fix~(j4). Applying the equivariant X-free symmetric 
function (p to the X-equality xA =x X\A, we get 

x^{A) = ^{xA) = ^{X \A) = X\ ^{A) 

and thus x G Fix~((^(A)) = Fix" (93(74)). This implies the necessary inclusion X-Fix~(j4) C YyxT {(p{A)) . 

Now we prove the "if" part. Let : F ^ F be a function satisfying the conditions (l)-(4). First we prove 
that the function ip is symmetric. Given arbitrary set ^ G F C T-^, find an element x G X-Fix~(X). Applying 
to the X-equality xA =x X\A the X-free function 93 and taking into account that x G X-Fix~ [A) C Fix" ((^(j4)) , 
we conclude that 

X \ ip{A) = X ip{A) = ip{xA) = ip{X \ A). 

Now consider the families 

= {x-^A : A G F, X G <p{A)} and Cl = {A d X -.31 e [A =x L)}. 

We claim that the family £^ is linked. Assuming the converse, we could find two sets A, S G F and 
two points x G p^{A) and y G ^{B) such that x^'^A n y^^B G X. Then yx~^A Cx X \ B and hence 
yx^^ip{A) C p>{X \ B) = X \ p>{B) by the properties (l)-(3) and the symmetry of the function ip. Then 
x~^ip{A) C X \ y^^ip{B), which is not possible because the neutral element e of the group X belongs to 

Enlarge the X-free linked family C'j to a maximal X-free linked family C, which is maximal linked by Lemma 
14.71 and thus C G X^{X). We claim that ^c\^ = <p. Indeed, take any set ^ G F and observe that 

ip{A) C {x G X : x'^A G Z:^} C {x G X : x'^A G £} = ^c{A). 

To prove the reverse inclusion, observe that for any x G X\(p{A) = Lp{X\A) we get x"^(X\j4) = X\x^^A G 
C^p C C Since C is linked, ^ C and hence x ^ (^c{A). □ 

For X-independent subfamilies F C T-^ the characterization Proposition 114.31 can be simplified: 

Proposition 14.4. Let F C T-^ be an X-independent X-upper subfamily. A function 99 : F ^ F belongs to the 
semigroup End^(F) if and only if Lp is equivariant, X-free, and X-YixT {A) C Fix~(99(^)) for each set ^ G F. 

The following theorem shows that the semigroup EndJ(T) has the desired reduction property. 

Theorem 14.5. // a left-invariant ideal X on a group X is twinic, then the restriction operator : 
End5(P(A:)) ^ End5(f ) is 

(1) injective on each minimal left ideal of the semigroup EndJ(P(X)); 

(2) bijective on some principal left ideal o/EndJ(P(X)) under the condition that the family T is maximally 
X-independent. 
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Proof. 1. Let T C T be any minimal /C-covering left-invariant subfamily. By Proposition 18.11 and 18.31 the 
family T is maximally I-independent. By Theorem 112.31 there is an idempotent Cj G Endf (P(X)) such that 

ej{P{X) \T-^) C {0, X} and ej(T-^) C T. The latter property of Cj implies that the restriction operator is 
injective on the principal left ideal EndA(P(^)) o and consequently, is injective on each minimal left ideal 
of the semigroup EndA(P(X)) according to Proposition 12.11 

2. To prove the second item, assume that the family T is maximally Z-independent and repeat the above 
argument for the idempotent e^. □ 

Since ^ : X{X) EndA(P(^)) is a topological isomorphism the preceding theorem implies: 

Corollary 14.6. // a left-invariant ideal Z on a group X is twinic, then the function representation $j : 
\^{X)^ Endf (f ) is 

(1) injective on each minimal left ideal of the semigroup }?'{X); 

(2) bijective on some principal left ideal of A-^(X) under the condition that the family T is maximally 
Z -independent. 

In light of Corollarv ll4.6l it is important to study the structure of the semigroup EndJ(T) for a twinic ideal 
Z on a group X. In this case the semigroup End^(T) has a simple product structure. 

Since T = [J[k]£k'^[k]^ restriction operators Rj^j^^ : EndJ(T) EndJ(r[^]), [K] € [K], compose an 
injective semigroup homomorphism 

i?T[;c] ■■ Endf (f ) ^ n Endi(T[^]), Rj^^^ : ^ {ip\ 

[K]e[K] 

Proposition 14.7. If the family T is Z -independent, then Rj^^^ : EndJ(T) fl EndJ(T[^]) is a topolog- 

[K]e[K] 

ical isomorphism. 

Proof. We need to show that the map Rj^^-^ is surjective. Given any if[K])[K]e[K,] ^ H End5(T[x]), define 

mm 

a function / : T — > T letting /|Z'[x] = /[^j for [K] G [/C]. 

Since the family T is X-independent, the function / belongs to EndJ(T) by Proposition ll4.4i Since R^j^^ if) = 
'we see that the homomorphism R^^-^ is surjective and hence is a topological isomorphism by the 

compactness of the semigroup EndJ(T). □ 

Now we see that for understanding the structure of the semigroup End5(T) it is necessary to study the 
structure of the semigroups Endf (T[j^]) for [K] G [IC]. 

Proposition 14.8. For any maximal 2-cogroup K G IC the restriction map 

Rtk ■ Endf (T[;^]) ^ Endf (Ti^), Rj^ : <f ^ (p\Jk, 

is a topological isomorphism. 

Proof. Because of the compactness of the semigroup EndJ(X, T[^]) it suffices to check that the restriction 
operator Rj^^ : Endf(T[;^]) — >■ Endf(Ti^) is one-to-one. Given two distinct functions f,g ^ Endf(T[^]) 
find a twin set A G '^[k] such that f{A) ^ giA). Since Fix~(^) G [K], there is a point x G X such that 
Fix~{xA) = xFix~(A)x~^ = K. Consequently, xA G Tk and f{xA) = xf{A) / xg{A) = g{xA) witnessing 
that f\JK + gX^K- □ 

Corollary 14.9. // the family T is Z -independent, then for any family IC' C JC having one-point intersection 
with each orbit [K] G [JC] the restriction operator 

R^, : Endi(f ) ^ J] Endf (T^), Rk' ■ V ^ {v\TK)KeJC', 
is a topological isomorphism of the compact right-topological semigroups. 
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15. The structure of the semigroups End5(Ti<-) 

In this section we study the structure of the semigroup End5(Ti^) where K e K. is a maximal 2-cogroup 
and X is a left-invariant ideal on a group X. 

It follows from Proposition 15.41 that for each set A G T k and an element a ^ X the shift a A belongs to T k 
if and only if a G Stab(i^) = {x G X : xKx''^ = K}. 

Therefore the subgroup Stab(-ftr) of X acts on the set T k by left shifts. The stabilizer Fix(j4) of each set 
A G Ti^ coincides with Fix" (A) • Fix~(j4) = K ■ K. Since the subgroup KK is normal in Stab(i^), so we 
can consider the quotient group H{K) = Sidh{K)/KK called the characteristic group of K and studied in 
Section [9l The left action of the group Stab(i^) on T k induces a free left action of the characteristic group 
H(K) on Tk'- for an element xKK G H{K) and a twin set A G T k we put xKK ■ A = xKKA = xA (the 
latter equality follows from Fix(^) = FbC {A) ■ YiyT {A) = K ■ K). 

So T K can be (and will be) considered as an H{K)-8Xit. Being free, the act T k is isomorphic to the 
product H{K) x k] endowed with the action h{x,y) = {hx,y) of the group H{K). Let End(Tii-) denote 
the endomorphism monoid of the -ff(-ftr)-act. The monoid End(Ti^) contains a left ideal End'^(T/^) consisting 
of i?(i^)-equivariant maps ip : T k '^k that are X-free in the sense that (p{A) = ip{B) for any sets A =x B 
in Jk- 

Theorem 15.1. If for a maximal 2-cogroup K ^ K, the family T k is I -independent, then 

(1) Endf (Ti<-) = 'End\(T k) if the family is maximally T -independent; 

(2) the semigroup EndA(T/^) coincides with the endomorphism monoid End(Tft:) while the semigroup 
End^(Tii-) coincides with the left ideal End'^(Ti<-) of endomorphism monoid End(ri^); 

(3) the semigroup End(T/f) is algebraically isomorphic to the wreath product H{K) I \Tk\^'^^; 

(4) the minimal ideal K(End\{J k)) coincides with the set {/ G End(T/^) : \fA G /(Tx), /(Ta') C [A\}; 

(5) for each idempotent f G EindxiTx) the maximal subgroup H{f) C EndJ(Tx) containing f is isomor- 
phic to H{K)lSif(j^)^; 

(6) each minimal left ideal of the semigroup EndJ(Tx) is isomorphic to H{K) x [Tx] where the orbit 
space \Tk] is endowed with the left zero multiplication; 

(7) each maximal subgroup of the minimal ideal o/EndJ(TA:) is algebraically isomorphic to H{K); 

(8) for each minimal idempotent f G End{(TA:) the maximal subgroup H{f) = f o EndJ(TA:) o f is 
topologically isomorphic to the twin- generated group H(A) where A G fiTx)- 

Proof. 1. Assume that the family Tk is maximally I-independent. We need to show that each function 
ip G End5(TA:) is X-free. Take any sets A =x B in Tk- Since X is maximally independent, A = B and thus 
ifiA) = ifiB). 

2. The equalities EndA(TA') = End(Tx) and EndJ(Tx) = End^(Ti^) follow from Proposition 114. 4[ 

3-7. The statements (3)-(7) follow from Theorem 13.11 and the fact that End'^(Tx) is a left ideal in End(T). 

8. Given a minimal idempotent / G EndJ(Tx) we shall show that the maximal subgroup H{f) = f o 
EndA(TA') o / is topologically isomorphic to the characteristic group H{A) of any twin set A G /(Tx). 

We recall that H{A) is the characteristic group H{K) of the 2-cogroup K = Fix" (A), endowed with the 
topology generated by the twin set q{A n Stab(-fC)) where q : Stab(K) H{K) = ^tab{K)/KK is the 
quotient homomorphism. 

We define a topological isomorphism Qa ■ H{f) — >• H{A) from the maximal subgroup H{f) = /•EndA(Tx) • 
/ of / to the twin- generated group H{A) in the following way. By Theorem 113.1( 1) and Proposition 17.61 
for any function g G H{f), the set g{A) = fgf{A) G [A], so we can find x ^ X with fgf{A) = x^^A. 
Since Fix~(^) C Fix~{fgf(A)) = Fix~{x~^A), by the maximality oi K = Fix~(^) G /C, we conclude that 
x-^Fix-{A)x = Fix-(x-M) = Fix-{g{A)) = Fix~{A) and thus x G Stab(/s:). So, it is legal to define 6^(5) 
as the image q{x) = xKK = KKx of x under the quotient homomorphism q : Stab(i^) — > H{K) = H(A). 

It remains to prove that : H{f) — > H{A) is a well-defined topological isomorphism of the right- 
topological groups. 
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First we check that Qa is well-defined, that is @Aig) = q{x~^) does not depend on the choice of the point x. 
Indeed, for any other point y & X with g{A) = y~^A we get x~^A = y~^A and thus yx~^ € Fix{A) = K ■ K 
where K = Fix~(j4). Consequently, q{x) = KKx = KKy = q{y). 

Next, we prove that Qa is a group homomorphism. Given two functions g,h (z H{f), find elements 
Xg,Xh G Fix(X) such that h{A) = xJ^^A and g{A) = x~^A. It follows that g o h{A) = g{xJ^^A) = xf^^g{A) = 
x'i^^x~^{A) = {xgXh)~^A, which implies that Qa{9 o h) = XgXhKK = QA{g) ■ QA{h). 

Now, we calculate the kernel of the homomorphism Qa- Take any function g G H{f) with QAig) = e, 
which means that g{A) = fgf{A) = A. Then for every A' G Tk we can find x (z X with f{A') = xA and 
conclude that g{A') = fgf {A') = fg{xA) = xfg{A) = xfgf{A) = xA = f{A') witnessing that g = fgf = f. 
This means that the homomorphism Qa is one-to-one. 

To see that Qa is onto, first observe that each element of the characteristic group H{A) can be written 
^-s [y] = yKK = KKy G H[K) for some y G Stab(ir). Given such an element \y\ G H{A), consider the 
equivariant function S[j^] : [A\ — )• [^4], sj^] : zA i— )• zy'^A = zy~^KKA. Let us show that this function is 
well defined. Indeed, for each point n G X with zA = uA, we get u~^z G Fix(^) and hence, yu^^zy^^ G 
yFix{A)y~^ = yKKy~^ = KK = Fix(^). Then yu~^ zy~^ A = A and hence zy^^A = uy~^A. 

By Proposition 114.41 the composition s^yi^ o /, being equivariant and X-free, belongs to Endf (Tj^). It 
follows from S[y] o / = / o o / that the function o / belongs to the maximal group H{f). Since 
S[y] o f{A) = S[y]{A) = y-^A, the image QA{s[y] o /) = [y]. So, QA{Hif)) = H{A) and Qa : H{f) ^ H{A) is 
an algebraic isomorphism. 

It remains to prove that this isomorphism is topological. Observe that for every [y\ G H{A) we get 

o f{A) = S[y](^) = y'^'KKA = y'^A. Consequently, x G s\y^^ o f{A) iff x G y~^A iff y G Ax"^ 
To see that the map 0^ : H{f) — )• H[A) is continuous, take any sub-basic open set 

= {[y] G H{A) : y G Ax'^}, x G Stab(if), 

in H{A) and observe that Q^{Ux) = {s\y] o / : [y] G Ux] = {s[y] o f : y e Ax~^} = {s[y] o f : x G S[y] o f{A)} 
is a sub-basic open set in H{f). To see that the inverse map : H(A) H{f) is continuous, take any 
sub-basic open set Vx^t = {5 G H{f) : x G g{T)} where x G X and T G Jr- It follows that f{T) = xtA for 
some XT & X. Then 

eA(K,T) = {[y] G H{A) : X G S[y] o /(T)} = {[y] G H{A) : x G S[j,](xtA)} = 
= {[y] G H{A) : x^^x G S[y]{A)} = {[y] G H{A) : y G Ax'^xt} 

is a sub-basic open set in H{A). □ 
In the following proposition we calculate the cardinalities of the objects appearing in Theorem 115.11 

Proposition 15.2. If the index m = \X/K\ of a maximal 2-cogroup K £ IC in X is finite, then 

(1) the family T k is maximally Z -independent; 

(2) |T^| = 2™/2. 

(3) \H{K) \ = 2^ for some k such that 2^ divides m; 

(4) |[T^]| = 2™/2-fc. 

(5) Endf (T;^) = End(T/f ) is a finite semigroup of cardinality 
\Endl{JK)\ = \H{K) I [T;^][T^1| = X [Jk]^'^'^^\ = 2'^2W2-'=-i_ 

Proof. Assume that the index m = \X/K\ of a maximal 2-cogroup G /C is finite. Consider the group 
K^ = K \J KK and take a subset S <Z X that meets each coset K^x, x G X, at a single point. It follows 
that |5| = m/2. 

1. By Proposition l8.21 the family T k is maximally X-independent and then End^(T/i') = End(T/^) according 
to Theorem ll5.1( l). 

2. For every subset E C S, consider the twin set Te = KKE U K ■ (S \ E). It is easy to check that 
Jk = {Te : E C S} and hence |Ti^| =21^1= 2™/2. 
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3. Observe that the orbit {xTe ■ x G Stab(-ftr)} of each set Te in Tk consists of \H{K)\ = \Stah{K)/KK\ 
elements. Consequently, \H{K)\ divides 2™/'^ = iTi^-l and hence \H(K)\ = 2^ for some k < m/2. Since 
Stab(if) is a subgroup of X, 2^ = \H{K) \ = \^iah{K)/KK\ divides \X/KK\ = \X/K\ = m. 

4. It follows that \[Jk]\ = \Jk\/\H{K)\ = 2™/2-^ 

5. By Theorem 115.1( 3). the semigroup EndA(T/^) is isomorphic to H{K)l\T k^'^^ and hence has cardinality 

jEndA(Ti^)I = (2'^)2'"/'"' . (2-/2~fc)2W2-fe ^ ^m2^/2-^-\ 

□ 

16. Continuity of the semigroup operation of EndA(F) 

In this section we study the problem of the continuity of the semigroup operation on ¥jii(i\{J k) = 
EndA(T[^]) for K ^ fC. This will be done in a more general context of upper subfamilies F C T. We 
recall that a family F C T is upper if F is symmetric and for any twin set A G F and a twin subset B C X 
with Fix"(^) C Fix" (5), we get B ef. 

Let us remark that T is an upper subfamily of T while Tk is a minimal upper subfamily of T for every 
K elC. 

We recall that a right-topological semigroup S is called semi-topological if the semigroup operation SxS ^ S 
is separately continuous. If the semigroup operation is continuous, then S is called a topological semigroup. 

Theorem 16.1. For an left-invariant upper subfamily F C T the following conditions are equivalent: 

(1) EndA(F) is a topological semigroup; 

(2) EndA(F) is a semi-topological semigroup; 

(3) for each twin set A G F the subgroup Fix(A) has finite index in X . 

Proof. (3) (1) Assume that for each twin set A G F the stabilizer Fix(yl) has finite index in X. To 
show that the semigroup operation o : EndA(F) x EndA(F) — >■ EndA(F) is continuous, fix any two functions 
/, 5 G EndA(F) and a neighborhood 0{f o g) of their composition. We should show that the functions f,g 
have neighborhoods 0(f), 0{g) C EndA(F) such that 0(f) o 0{g) C 0(f o g). We lose no generality assuming 
that the neighborhood 0(f,g) is of sub-basic form: 

0{fog) = {heEndx(f):xeh(A)} 

for some x G X and some twin set ^ G F. Let B = g(A). It follows from f o g G 0(f o g) that x G / o g(A) = 
f(B). Let 0(f) = {/i G EndA(F) : x G h{B)}. 

The definition of a neighborhood 0{g) is a bit more complicated. By our hypothesis, the stabilizer Fix(^) 
has finite index in X. Let 5 C X be a (finite) subset meeting each coset zFix(yl), z £ X, at a single point. 
Consider the following open neighborhood of g in EndA(F): 

0{g) = {g' G EndA(F) -.ys e S (s e B ^ s e g'(A))}. 

We claim that 0(f) o 0(g) C 0(f o g). Indeed, take any functions /' G 0{f) and g' G 0(g). By Proposi- 
tion [I13];4) , Fix-(^) C Fix-(g'(A)) and hence Fix(A) C Fix(5'(yl)). Then g'(A) = (Sng'(A)) ■Fix(A) = 
(SnB)- Fix(A) = B and then x G f'(B) = f o g'(A) witnessing that f'og'e 0(f o g). 

The implication (1) (2) is trivial. 

(2) (3) Assume that X contains a twin subset Tq G F whose stabilizer Fix(ro) has infinite index in X. 
Then the subgroup H = Fix^(To) also has infinite index in X. Fix any point c G Fix~(To). 

Since H has infinite index in X, we can apply Theorem 15.5 of |16] and conclude that X ^ FHF for any 
finite subset F d X. 

Lemma 16.2. There are countable sets A,BcX such that 

(1) xB n yB = for any distinct x, y G A; 

(2) \AB r\Hz\<l for all z G X; 

(3) e€A,ABnH = 0. 
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Proof. Let ag = e and i?<o = {e}. Inductively we shall construct sequences A = {a„ : n € w} and B = {6„ : 
n S a;} such that 

• bn ^ A^l^HA<nB<n where = {at : i < n} and i?<n = {6i : z < n}; 

• ^ HA<nB<nB^^. 

Since X ^ FHF for any finite subset F C X, the choice of the points 6„ and a„+i at the n-th step is always 
possible. It is easy to check that the sets A, B satisfy the conditions (l)-(3) of the lemma. □ 

The properties (2), (3) of the set AB allows us to enlarge AB to a subset S that contains the neutral 
element of X and meets each coset Hz, z G X, at a single point. Observe that each subset E C S generates 
a twin subset 

Te = Fix(ro) • E U Fix- (To) • (S \ 
of X such that Fix-(To) C Fix-(TE) and hence Te € F. 

Lemma 16.3. There is a free ultrafilter B on X and a family of subsets {Ua ■ a G A} C B such that 
{!) U^^AUaCB; 

(2) the set U = IJaG/l ^^'^ property B ^ x Uy for every x,y € A; 

(3) for every V G B the set {a G A : xV C U} is finite. 

Proof. Let A = {a„ : n & uj} and B be the sets constructed in Lemma ll6.2[ For every n G uj let A<_n = {oi : 
i <n}. Let i?<o = {e} and inductively, for every n € co choose an element 6„ € i? so that 

bn ^ A^^^A<nB^ri where S<„ = {bi : i < n}. 

For every n G w let B>n = {h : i > n}. Let also B2uj = {b2n ■ n S w}. 

Let us show that for any distinct numbers n, m the intersection anB>n H amB>rn is empty. Otherwise there 
would exist two numbers i > n and j > m such that Unh = Ombj. It follows from ^ Om that i ^ j. We 
lose no generality assuming that j > i. Then a„6j = Umbj implies that 

bj = <hn(^nbi G A'^-A<jB^j, 

which contradicts the choice of bj. 

Let B G be any free ultrafilter such that i?2aj £ ^ and B is not a P-point. To get such an ultrafilter, 

take ,S to be a cluster point of any countable subset of l3{B2uj) \i?2w C P{X). Using the fact that B fails to be 
a P-point, we can take a decreasing sequence of subsets {Vn : n £ u} C B oi B2ui having no pseudointersection 
in B. The latter means that for every V £ B the almost inclusion V C* Vn (which means that ^ \ is finite) 
holds only for finitely many numbers n. 

For every a = a„ G A let J7a = 14 fl B>n- We claim that the ultrafilter B, the family {Ua)a&A-, and the set 
U = UaeA ~ Ungo; '^".(Hi H B>n) Satisfy the requirements of the lemma. 

First, we check that B a~^U U a^U for all n < m. Take any odd number k > m. We claim that 
bk ^ o-n^U U a^U. Otherwise, b^ G a~^ai(yi n B>i) U a^OiiVi fl B>i) for some i £ u and hence bk = a~^aibj 
or bk = a^Oibj for some even j > i. If k > j, then both the equalities are forbidden by the choice of 
bk ^ A^l.A<kB<^k ^ {0'n^O'ibj,a^aibj}. If k < j, then those equalities are forbidden by the choice of 
bj ^ A^^A<jB<:j D {a^^anbk,a:[^ambk}. Therefore, B (t a~^U Ua':;^U. 

Next, given arbitrary V £ B we show that the set A' = {a £ A : aV C f/} is finite. By the choice of the 
sequence {Vn), the set F = {a„ : V fl i?2w C* Vn} is finite. We claim that A' C F. Indeed, take any a„ G A' . 
It follows from OnV C U = UaeA ^"-^ Cli^n ~ ^ ^^^^ 

OniV n B2u,) C* an{Vn H B>n) C a„14 

and hence On € F. □ 

Let A he any free ultrafilter on X containing the set A, and a = ^f{A), (3 = ^^{B) be the function 
representations of the ultrafilters A and B. We claim that the left shift la ■ End>,(F) End>,(F), ■ / i— t- ao/, 
is discontinuous at /3. Since U C AB C S, we can consider the twin set 

T = Fix(ro) • U U Fix" (To) • (5 \ [/) 
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and observe that T £ Ao B. Consequently, a o /3(T) = {x G G : x~^T € Ao B} contains the neutral element, 
which implies that 0(q o /3) = {/ g EndA(F) : e G f{T)} is a neighborhood of la{P) = a o /3 in EndA(F). 

Assuming that la is continuous at f3, we can find a neighborhood 0(/3) C End;^(F) of /? such that la{0{(3)) C 
0(a o /3). Since F is left-invariant, we can assume that 0(/3) is of the basic form: 

n 

0(/3) = {/ G EndA(F) : e G fl /(T,)} 

1=1 

for some twin sets Ti, . . . ,T„ G F. It follows from ^ G 0{f3) that e G /3(Tj) and thus Ti £ B for every i < n. 
According to Lemma [16.3( 3). the set F = {a G j4 : -B n HiLi ^« a~^U} is finite. 

We claim that the family C = {Ti, . . . , r„, X \ x^^T : x € A \ F} is linked. This will follow as soon as we 
check that 

(i) Ti n (X \ x-^T) 7^ for any i < n and X G ^ \ F; 
(fi) {X \ x~^T) n{X\ y-^T) / for ah x, y G A. 

The item (i) is equivalent to Tj ^ x^^T for x £ A \ F . Assuming conversely that Tj C x^^T, we will 
consecutively get xTj C T, 5 n xTj C fl T = [/, and finally B ClTi C x~^S H Tj C x~^U, which contradicts 
x^F. 

The item (ii) is equivalent to x~^T U y~^T ^ X for x, y G j4. Assume conversely that x^^T U y^^T = X 
for some x,y G A. It follows from xB C 5 that xB fl T = xi? fl C/ and thus B n x~^r = B f] x~^U. Similarly, 
B n y^^T = B n y^^U . Consequently, 

B = BnX = Bn [x-^T U y-^T) = Bn [x-^U U y-^U) + B 

according to Lemma 116.3( 2). This contradiction completes the proof of the linkedness of C 

Being linked, the family £ can be enlarged to a maximal linked system C G A(X). It follows from 
Ti, . . . ,r„ G £ C C that the twin representation 7 = $f(C) belongs to the neighborhood 0(/3) and conse- 
quently, G 0(q;o/3), which means that T G AoC. The latter is equivalent to A' = {x G X : x~^T £ C} G A. 
On the other hand, X\A' = {xGX:X \ x^^T G C} contains the set A \ F G ^ and thus X\A' e A, which 
is a contradiction. □ 

Theorem 16.4. For an upper subfamily F C T the following conditions are equivalent: 

(1) EndA(F) is metrizable; 

(2) EndA(F) is a metrizable topological semigroup; 

(3) F is at most countable. 

Proof. We shall prove the implications (3) =^ (2) (1) =^ (3). 

(3) =^ (2). Assume that the family F is at most countable. We claim that for each twin subset T G F the 
2-cogroup K = Fix~(T) has finite index in X. Otherwise, for the subgroup = KK VJ K we could find an 
infinite subset S d X meeting each coset K^x, x G X, at a single point. Then for every subset E C S the set 

Te = Fix(r) • E U Fix-(r) • (5 \ F) 

is a twin set with Fix~(r) C Fix~(TE). Since F is an upper family containing the twin set T, we get that 
Tg; G F for every E C S. Since the number of subsets F of S is uncountable, we arrive to an absurd conclusion 
that [Fl > \{Te : E C S}\ is uncountable. 

This contradiction shows that Fix(r) has finite index in X. In this case the implication (3) (1) of 
Theorem 116.11 guarantees that EndA(F) is a topological semigroup. Now we show that this semigroup is 
metrizable. First observe that for every T G F the set 

EndA(r, P(X)) = {yp{T) : ^ G EndA(P(X))} C {A G T : Fix(^) D Fix(r)} 

is finite. Since the family F is countable, the space EndA(F) C Y\j,^^'End\{T,P{X)) is metrizable, being a 
subspace of the countable product of finite discrete spaces. 

The implication (2) (1) is trivial. 

(1) => (3) Assuming that the family F is not countable, we shall show that the space EndA(F) is not 
metrizable. We consider two cases. 
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(a) For each T € F the subgroup Fix(T) has finite index in X. This implies that the orbit [T] = {xT : x € X} 
is finite. Let F' be a subset of F meeting each orbit [T], T € F, at a single point. Since all those orbits 
are finite and F is uncountable, the set F' is uncountable. By Propositions 18.21 the family F is maximally 
{0}-independent and by Proposition 114.4"! the space EndA(F) is homeomorphic to the uncountable product 
HreF' EndA(T, P{X)) where for each T G F' the space 

EndA(r, P{X)) = {^{T) : if G EndA(F)} = G T : Fix"(^) D Fix-(r)} 

contains at least two distinct subsets: T and X \T. Now we see that EndA(F) is not metrizable, being 
homeomorphic to the uncountable product of non-degenerate spaces. 

(b) For some twin set T G F the stabilizer Fix(T) has infinite index. The we can find an infinite set S C X 
that intersects each coset Fix^(r)x, x G X, at a single point. As we already know, for each subset E C S 
the set 

Te = Fix(r) • E U Fix~(r) -{SXE) 
belongs to the family F. Now take any two distinct ultrafilters U,V (z I3{S) C /3{X) and consider their 
function representations fu = ^>f(^) and /y = ^>f(V). Since U ^ V, there is a subset E C S such that 
E £ U \ V. It follows that Te £ U and Ts\e G V, which implies e G fu{TE) \ fv{TE)- This means that 
fu 7^ /v and consequently, |EndA(F)| > |/3(S')| > 2'^, which implies that the compact space EndA(F) is not 
metrizable (because metrizable compact have cardinality < c). □ 

The following proposition characterizes groups containing only countably many twin subsets. Following [1], 
we define a group X to be odd if each element x G X has odd order. 

Proposition 16.5. The family T of twin subsets of a group X is at most countable if and only if each subgroup 
of infinite index in X is odd. 

Proof. Assume that each subgroup of infinite index in X is odd. We claim that for every A G T the subgroup 
Fix(74) has finite index in X. Take any point c G Fix" (A) and consider the cyclic subgroup = {c" : n G Z} 
generated by c. The subgroup has finite index in X, being non-odd. Since c^^ = {c^^ : n G Z} C Fix(yl), 
we conclude that Fix(yl) also has finite index in X. 

Next, we show that the family {Fix(A) : A G T} is at most countable. This is trivially true if T = 0. If 
T 7^ 0, then we can take any ^4 G T and choose a point c G Fix" (A). The cyclic subgroup generated by c 
is not odd and hence has finite index in X. Consequently, the group X is at most countable. Now it remains 
to check that for every x G X the set Tx = {A G T : x G Y\yi~ [A)} is finite. If the set Tx is not empty, then 
the cyclic subgroup x^ generated by x is not odd and hence has finite index in G. Consider the subgroup x^^ 
of index 2 in x^. It is clear that x^^ C Fix(^). Let S d X he a. finite set containing the neutral element of 
X and meeting each coset x^^z, z G X at a single point. It follows from x^^ C Fix(j4) that A = x^^ ■ {S r\ A) 
and consequently \'Yx\ < 2l'^l < oo. 

Now assume that some subgroup H of infinite index in X is not odd. Then H contains an element c (z H 
such that the sets c^^ = {c^" : n G Z} and c^^+i = {c^^+i : n G Z} are disjoint. The union c^^ U c^^+i 
coincides with the cyclic subgroup of H generated by c. Find a set S C X that intersects each coset c^x, 
X G X, at a single point. Since c^^ has infinite index in X, the set S is infinite. Now observe that for every 
E C S the union 

Te = c^^-EU c^^+i -{SXE) 
is a twin set with c G Fix~(T£;). Consequently, T D {Te ■ E C S} has cardinality 

IT| > \{Te : ^ C S}[ > |2^1 > c> ^^0- 

□ 

Now we apply the above results to the minimal upper subfamilies Tk with K £ IC. 

Theorem 16.6. For a maximal 2-cogroup K of a group X the following conditions are equivalent: 

(1) F,ndx(T k) is metrizable; 

(2) 'Endx(T k) is a semi-topological semigroup; 

(3) EndA(Tii-) is a finite semigroup; 
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(4) EndA(Ti^) is isomorphic to I rri^ or I m'" for some 1 < k < m < oo; 

(5) K has finite index in X; 

(6) the family J k is finite; 

(7) \Jk\ < c. 

Proof. The implications (1) =^ (2) =^ (5) follow from Theorems 116.41 and 116.11 

(5) =^ (6) If the 2-cogroup K has finite index m in X, then the subgroup KK also has finite index in X. 
Consequently, the family 

Jk = {AcX : Fix"(^) = K} = {A C X : AKK = A, AK = X\A} 

is finite and has cardinality 2™"/^. 
The implication (6) (7) is trivial. 

(7) =^ (5) If K has infinite index in X, then the subgroup = K Li KK has infinite index in X. Take 
any subset S <Z X meeting each coset K^x, j; S X, at a single point. Since for every E C S the twin set 
Te = KKE UK{S\E) belongs to Jr, we see that \ Jk\ > 2l'^l > 2^° = c. 

(5) =^ (4) Assume that K has finite index in X. Then the characteristic group H{K) of K is finite and 
hence is isomorphic to or for some /c G N, see Theorem I9.1l f2). Also the set Tx is finite and hence 
m = \\T k\ \ is finite too. By Theorem 115. 1( 3). the semigroup EndA(Tx) is isomorphic to H{K) I [Yr]^'^'^^ and 
the latter semigroup is isomorphic to C2k I m™" or Q2k I m"* for m = |[Ti<-]|. 

The implications (4) ^ (3) ^ (1) are trivial. □ 

17. The structure of the superextensions of twinic groups 

In this section we apply Corollaries 114.61 114.91 and Theorem 115.11 to describing the structure of minimal 
left ideals of superextensions of twinic groups and obtain: 

Theorem 17.1. Let X he a twinic group and K.' C )C be a subfamily intersecting each orbit [K] = {xKx^^ : 
X X}, K €z IC, at a single point. Then 

(1) each minimal left ideal of \{X) is algebraically isomorphic to the product 

n H[K) X [Jk] 

KeK' 

where each orbit space \J k] is endowed with left zero multiplication; 

(2) each maximal subgroup of the minimal ideal K{\{X)) of \{X) is algebraically isomorphic to HxgA:' ^i^)' 

(3) for any minimal idempotent £ £ K{X{X)) the maximal group H{£) = £ o X{X) o £ that contains £ is 
topologically isomorphic to Ylx^ic H{Ak) where Ak € ^s(^ k) for K G K' ; 

(4) // the family T is maximally X -independent, then the semigroup \{X) contains a principal left ideal, 
which is algebraically isomorphic to W^^^^^i H{K) I [Ti^]!"""^]. 

For twinic groups X whose all maximal 2-cogroups have finite index the algebraic isomorphisms appearing 
in Theorem 1 1 5 . 1 1 are topological isomorphisms. Let us observe that for a 2-cogroup K (Z X oi finite index in a 
group X the characteristic group H{K) is finite and so are the families T k and \Jk\- We endow these finite 
spaces with the discrete topology. 

Theorem 17.2. Let X be a twinic group such that each maximal 2-cogroup A' G /C has finite index in X. 
Let K' d K, he a subfamily intersecting each orbit [K\ = {xKx^"^ : x £ X}, K £ K, at a single point. Then 

(1) each minimal left ideal of X{X) is topologically isomorphic to the compact topological semigroup 
W-K(^K.' ^i^) ^ ['^k] where each orbit space [Jk] is endowed with a left zero multiplication; 

(2) each maximal subgroup of the minimal ideal K{X{X)) of X{X) is topologically isomorphic to the com- 
pact topological group YlxeK.' ^(^)/ 

(3) The semigroup X{X) contains a principal left ideal, which is topologically isomorphic to the compact 
topological semigroup Yl^eK.' ^i^) ^ [Tx]^"*"^'- 
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This theorem can be written in a form, more convenient for calculations. 

Given a group H let rj{X, H) denote the number of all orbits [K] G [/C] such that for some (equivalently, 
every) 2-cogroup K E [K] the characteristic group H{K) is isomorphic to H. 
The cardinal number r/(X, H) can be written as the sum 

V{X,H)= v{X,H;m) 

l<m<\X\ 

where r]{X, H; m) is the number of orbits [K] € [/C] such that for every K G [K] the characteristic group 
H{K) is isomorphic to H and = m where X/K = {xK : x G X}. 

The following proposition can be easily derived from Theorem 19.11 

Proposition 17.3. Let X and H he groups. If r]{X, H; m) ^ for some cardinal m, then 

(1) H is a 2- group with a unique element of order 2; 

(2) If X is commutative, then H is isomorphic to for some 1 < k < oo and m = \H\. 

(3) // m is finite, then the group H is isomorphic to 6*2*: or for some numbers k such that 2^ divides 
m. 

Theorem 1 17. 2 1 Proposition 117.31 and Theorem 115.11 implv : 

Theorem 17.4. Let X he a twinic group such that each maximal 2-cogroup K ^ KL has finite index in X . 
Then 

(1) each minimal left ideal of \{X) is topologically isomorphic to the compact topological semigroup 

l<fc<m<cxD 

where each cardinal mk = 2™/^"*^ is endowed with left zero multiplication; 

(2) each maximal subgroup of the minimal ideal K{X{X)) of \{X) is topologically isomorphic to the com- 
pact topological group 

l<A:<oo 

(3) the semigroup \{X) contains a principal left ideal that is topologically isomorphic to the compact 
topological semigroup 

l<fc<m<oo 

In light of Theorem 117.41 the following problem seems to be important. 

Problem 17.5. Given a groups X calculate the cardinal numbers r]{X,C2k;m) and r]{X,Q2k;m) for finite 
numbers k,m. 

For m = 2^ this problem can be easily answered. For a group H let hom(X, H) denote the set of all 
homomorpisms from X into H and epi(X, H) be its subset consisting of surjective homomorphisms from X 
onto H. 

Proposition 17.6. For any integer k > 1 and n > 3 we get 

(1) 7?(X,C2.;2'=) = |epi(X,C20l/2'=-' = [ hom(X, C2O \ hom(X, C2.-l)|/2^-^• 
(2) 77(X,Q2";2") = |epi(X,Q2«)I/IAut(Q2")|; 

(3) |Aut(Q8)| = 24 and |Aut(Q2«+i)l = 22""S- 

(4) |epi(X,Q8)| = |hom(X,Q8)| -3|hom(X,C4)I + 2|hom(X,C2)|; 

(5) // I hom(X, Q2"+i I < cxo then 

|epi(X,Q2"+i)l = Ihom(X,Q2"+i)l - 2| hom(X, Q2")l - Ihom(X,C2n)| + 2| hom(X, C2n-i)|. 
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Proof. 1. By definition, the number 'q{X, ; 2^^) is equal to the number of orbits [K] G [/C] such that for every 
K G [K] the characteristic group H{K) = Stah{K)/KK is isomorphic to and \X/KK\ = 2'^. This imphes 
that Stab(i(') = X and hence the subgroup KK is normal m X . It follows that the group KK coincides with 
the kernel of some cpimorphism / : X — ;> (72* while K = /^^( — 1) (we recall that 6*2*; = {z G C : z^*" = 1}). 
Observe that two epimorphisms f,g:X^ have the same kernel if and only if /~^(— 1) = g~^[—l) if and 
only if ^ = a o / for some automorphism of the group C2k. The group C2k has exactly 2*^"^ automorphisms 
determined by the image of the generator a = e^^^ '^^^ of C2k in the 2-cogroup aC2k-i. Consequently, 

r?(X,C2';2'=) = |epi(X,C20l/|Aut(C2fc)| = \epi{X,C2k)\/2''-\ 

Observe that a homomorphism f : X ^ C2k is surjective if and only if f{X) (f_ C2k-\. Consequently, 
|epi(X,C20l = |hom(X,C2fc)\hom(X,C2fc-i)|. 

2. Repeating the argument of the preceding item, we can show that ?7(X, (52" ; 2") = |epi(X, (52»)|/|Aut((52»)|- 



3. To see that |Aut((58)| = 24 observe that the elements i,j generate the quaternion group A map 
/ : {i, j} Q%\ {1, —1} uniquely extends to an automorphism of Q% if and only if /(i) ^ This implies 

that |Aut(Q8)| = 6 • 4 = 24. 

Next, we show that lAut((52"+i)l — 2^""^. We recall that the group (52"+i ^l^s presentation (x, y | = 
^ ^4 _ 2^ xyx~^ = y^^}. Identify the cyclic subgroup generated by the element y with (72". Observe 
that a map / : {x. y} Q2n+i extends to an automorphism of (52"+i if and only if /(y) G €2^ \ C2n-i and 
f{x) = Q2"+i \ C2n. This implies that 

|Aut(Q2"+i)l = l<^2« \ C2u-i\ ■ |Q2"+i \ C2"| = 2"-^ • 2" = 2^"-^ 



4. The quaternion group has 3 maximal proper subgroups Hi = {±l,±i}, H2 = {±1, ibj}, 
{ibl,ibk}. These cyclic subgroups intersect by the subgroup C2 = {1,-1}. Consequently, epi(X, (Js) 
hom(X, Qs) \ Ui=i hom(X, Hi). Since hom(X, Hi) n hom(X, Hj) = hom(X, C2), we get 

3 

I (J hom(X, Hi) = 3| hom(X, C4)\ - 2| hom(X, C2)\ 

i=l 

and 

|epi(X,Q8) = |hom(X,Q8)| -3|hom(X,C4)| +2|hom(X,C2)|. 



5. Observe that the generalized quaternion group Q2"+i has 3 maximal proper subgroups: Hq = C2n, 
Hi = C2n-i U j(72n-i, and H2 = €2^-1 U ja(7^" where a G C2" \ €2^-1 ■ The subgroups Hi and H2 are 
isomorphic to (52"-i ^^id Hi fi Hj = €2^-1 for any distinct indices It follows that 

|epi(X,(52"+i)| = 

2 

I hom(X, Q2"+i)l - 2Z I hom(X, iJj) \ hom(X, C2n-i)| + | hom(X, C2n-i)| = 

1=0 

I hom(A:, Q2"+i ) I - 2| hom(A:, Q2" ) | - | hom(X, (^2" ) | + 2| hom(A:, C2n-i ) | . 

□ 

The numbers r]{X,C2k) can be effectively calculated for any finitely generated group X. In this case the 
group X can be written as the direct sum (BaeAGa of cyclic groups such that each cyclic group Ga is either 
infinite or a p-group for some prime number p. For n G N U {00} let rn{X) = \{a E A : \Ga\ = n}\. It is clear 
that rn{X) = for all sufficiently large numbers G N. 

Proposition 17.7. If X is a finitely generated abelian group, then for every k EN 

(1) 1 hom(X,C20l = 2'=-''-W • nrT=i 2™'^{"''=}-''2"(^); 

(2) r]{X,C2k) = {\hom{X,C2k)\ - \ hom{X,C2k-i))/2''-\ 
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Proof. 1. Let X = (BaeAGa where each subgroup Ga of X is either infinite cychc or a cychc p-group for some 
prime number p. It follows that the group hom(X, ) of homomorphisms from X to can be identified 
with the product hom(GQ, C2fc). It is clear that hom(Z,C2fc) = while hom(C2i,C2fc) = C2min{n,fc} 

where = means "isomorphic to" . Now we see that 

hom(X,C20 = Yl hom(G«,C2fc) = 

oo 

\iom{Z,C2kY''^°^'^ X JJhom(C2n,C2fe)'''^^"^ = 

n=l 

oo 

2*" J_ J_ '-'2min{n,fc} 

ra=l 

which implies the desired equality from the item (1). 

2. The second item follows from Proposition I17.7T 1). □ 

18. Compact reflexions of groups 

Till this moment our strategy in describing the minimal left ideals of the semigroups \{X) was finding a 
relatively small subfamily F C P(^) such that the function representation $p : \{X) — >■ EndA(F) is injective 
on all minimal left ideals of \{X). Now we shall simplify the group X preserving the minimal left ideals of 
X{X) unchanged. 

We shall describe three such simplifying procedures. One of them is the factorization of X by the subgroup 

Odd= Pi KK. 

Keic 

Here we assume that Odd = X if the set /C is empty. 

The following proposition explains the choice of the notation for the subgroup Odd. We recall that a group 
G is called odd if each element of G has odd order. 

Proposition 18.1. Odd is the largest normal odd subgroup of X . If X is Ahelian, then Odd coincides with 
the set of all elements having odd order in X. 

Proof. The normality of the subgroup Odd = f~\^^j^KK follows from the fact that xKx^^ € /C for every 

K & IC and x & X. Next, we show that the group Odd is odd. Assuming the converse, we could find an 
element a e Odd such that the sets a^^ = {a^" : n e Z} and a^^+^ = {a^"+-'^ : n £ Z} are disjoint. Then the 
2-cogroup a^^^^ of X can be enlarged to a maximal 2-cogroup K £ JC. Then a £ K d X \ KK and thus 
a ^ Odd, which is a contradiction. 

It remains to prove that Odd contains any normal odd subgroup H C X. It suffices to check that for 
every maximal 2-cogroup K £ K. the subgroup H C X lies the group KK. Let K^ = K U KK. Since the 
subgroup H is normal in X, the sets KKH = HKK and K^H = HK^ are subgroups. We claim that the 
sets KH = HK and KKH = HKK are disjoint. In the opposite case H would intersect the set K. Take 
any point x £ H H K and consider the cyclic subgroup x^^ = {x^" : n € Z}. Since x G K, the subgroup x^^ 
does not intersect the set x^^"*"^ = {x^"^^ : n G Z}. On the other hand, since H is odd, there is an integer 
number n £ 1^ with x^"^^ = x'^ € x'^^^^ n x^^. This contradiction shows that KH and KKH are disjoint. 
Consequently, the subgroup KKH has index 2 in the group K^H and hence KH = K^H \ KKH IS a 
2-cogroup in X containing H. The maximality of K in /C guarantees that K = KH and hence H C KK. □ 

The quotient homomorphism ^odd : X — t- X/Odd generates a continuous semigroup homomorphism 
A(godd) : A(X) ^ A(X/Odd). 

The following theorem was proved in f?, 3.3]. 

Theorem 18.2. The homomorphism A(godd) ■ A(^) ~^ A(X/Odd) is injective on each minimal left ideal of 
X{X). 
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Next, we define two compact topological groups called the first and second profinite reflexions of the group 
X. To define the first profinite reflexion, consider the family M of all normal subgroups of X with finite 
index in X. For each subgroup H £ M consider the quotient homomorphism '■ X — )■ X/H. The diagonal 
product of those homomorphisms determines the homomorphism g : X — )• n^gA^ X/H of X into the compact 
topological group Ylj^^j^j- X/H. The closure of the image q{X) in Yljj^j^^ X/H is denoted by X and is called 
the profinite reflexion of X. 

The second profinite reflexion X2 is deflned in a similar way with help of the subfamily J\f2 = {flxex xKKx~^ 
K € max/C, \X/K\ < b^o} of J-. The quotient homomorphisms qh ■ X X/H, H € ^2, compose a ho- 
momorphism q2 : X ^ YlHeAf2 -^/H- The closure of the image q2{X) in n_f/GA/'2 -^/H is denoted by X2 and 
is called the second profinite reflexion of X. Since Ker(g2) = PlHeA/i flxgx xKKx^^ D Odd, the homomor- 
phism q2 X X2 factorizes through the group X/Odd in the sense that there is a unique homomorphism 

geven : X/Odd X2 such that q2 = ^even o Qodd- 

Thus we get the following commutative diagram: 

X ^ X/Odd 




X pr 

Applying to this diagram the functor A of superextension we get the diagram 

A(X)^-^^(X/Odd) 



A(gcvcn) 



In this diagram X{X) and X{X2) are the superextensions of the compact topological groups X and X2- We 
recall that the superextension X{K) of a compact Hausdorff space K is the closed subspace of the second 
exponent exp(exp(X)) that consists of the maximal linked systems of closed subsets of K, see |18^ §2.1.3]. 

Theorem 18.3. // each maximal 2-cogroup K of a twinic group X has finite index in X , then the homomor- 
phism X{q2) ■ X{X) X{X2) is injective on each minimal left ideal of X{X). 

Proof. The injectivity of the homomorphism X{q2) on a minimal left ideal L of X{X) will follow as soon as for 
any distinct maximal linked systems ^, ;B € L we find a subgroup H € M2 such that XqniA) 7^ XqniB). 

By Corollary 114.61 the function representation : X{X) EndA(T) is injective on the minimal left ideal 
L. Let /C' C /C be a subfamily meeting each orbit [K], E /C, at a single point. By Corollary 114.91 the 
semigroup EndA(T) is topologically isomorphic to the product Y\.k<^k'^'^^>'^ k)- Consequently, for some 
maximal 2-cogroup K £ IC' the images of the maximal linked systems A, B under the function representation 
: X{X) ¥jiid\{J k) are distinct. This means that for some set T € Tk there is x G X such that 
x-^T ^AiB. 

Since the 2-cogroup K has finite index in X, the normal subgroup H = Hxex xKKx^^ has finite index 
in X and belongs to the family 7V2. Consider the finite quotient group X/H and let qn '■ X ^ X/H be the 
quotient homomorphism. Since H C KK, the set T = KKT coincides with the preimage q~^{T') of some 
twin set T' € X/H. Then the images A! = XqniA) and B' = XqniB) are distinct because for the point 
y = qjj(x) we get y-^T' e A' \ B'. □ 

Remark 18.4. For each finite abelian group X the group X/Odd is a 2-group. For non-commutative groups 
it is not true anymore: for the group X = of even permutations of the set 4 = {0, 1, 2, 3} the group X/Odd 
coincides with X. Also X/Odd coincides with X for any simple group. 

19. Some examples 



Now we consider the superextensions of some concrete groups. 
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19.1. The superextension of the cycUc group 7L. In order to compare the algebraic properties of the 
semigroups A(Z) and /3(Z) let us recall a deep result of E.Zelenyuk [19] (see also [HI §7.1]) who proved that 
the subsemigroup C A(Z) of ultrafilters contains no finite subgroup. It turns out that the semigroup 

A(Z) has totally different property. 

Theorem 19.1. (1) The semigroup A(Z) contains a principal left ideal topologically isomorphic to 

Y[ I fn^'' where nif^ = . 
k=l 

(2) Each minimal left ideal of A(Z) is topologically isomorphic to 2^ x Hfc^i ^2*= where the Cantor cube 
2^ is endowed with the left-zero multiplication. 

oo 

(3) each maximal group of the minimal ideal K{\{'L)) is topologically isomorphic to Y\ C2k. 

k=l 

(4) The semigroup A(Z) contains a topologically isomorphic copy of each second countable profinite topo- 
logical semigroup. 

Proof. The group is abelian and hence has trivial twinic ideal according to Theorem 16.21 It is easy to see that 
r?(Z, C^k) = 1 for all A: € N, while 7?(Z, C200) = 0. 

1. By Theorem 117.41 and Proposition 117.31 the semigroup A(Z) contains a principal left ideal that is 
topologically isomorphic to Jlfcli ^ '"^T*' where nik = 2^ . 

2. By Theorem 117. 4r 3). each minimal left ideal X of A(Z) is topologically isomorphic to IlfcLi ^2*= ^ "^fc 
where each cardinal mjt = 2^* is endowed with the left zero multiplication. It is easy to see that the 
left zero semigroup H^j^ Tn^ is topologically isomorphic to the Cantor cube 2^ endowed with the left zero 
multiplication. Consequently, X is topologically isomorphic to 2'^ x Hfc^i ^2*=- 

3. The preceding item implies that each maximal group of the minimal ideal K{\{'L)) is topologically 

00 

isomorphic to W C2k . 

k=l 

4. The fourth item follows from the first item and the following well-known fact, see [Sj 1.1.3]. □ 

Lemma 19.2. Each semigroup S is algebraically isomorphic to a subsemigroup of the semigroup of all 
self-maps of a set A of cardinality \A\ > where is S with attached unit. 



2^ I 



19.2. The superextension of cyclic 2-groups (72". For a cyclic 2-group X = C2" the number 

J 1 if A; < n 
1 otherwise. 

Applying Theorem 117.41 Proposition 117.31 and Lemma ll9.2| we get: 
Corollary 19.3. For every n € N 

(1) The semigroup A(C2") contains a principal left ideal isomorphic to Y[ ^'2'= l^^^'' where ruk = 2^ ~^ . 

k=l 

(2) Each minimal left ideal of X{C2") is isomorphic to 11^=1 ^'2'= x ^k where cardinal = 2^ ^'^ is 
endowed with left-zero multiplication. 

n 

(3) each maximal group of the minimal ideal K[\[C2^)) is isomorphic to Y\ C2k. 

k=l 

(4) The semigroup X{C2") contains an isomorphic copy of each semigroup S of cardinality \S\ < 2'^ 

19.3. The superextension of the quasi-cyclic 2-group (72°°. The superextension X{C2°^ ) has even more 
interesting properties. 

Theorem 19.4. (1) Minimal left ideal of the semigroup X{C2°°) are not topological semigroups. 

(2) each minimal left ideal of X{X) is algebraically isomorphic to c x {C2'^ )^ where the cardinal c = 2^" is 
endowed with left zero multiplication; 

(3) the semigroup X{X) contains a principal left ideal, which is algebraically isomorphic to (C2" I c'^)'^; 

(4) X{X) contains an isomorphic copy of each semigroup of cardinality < c; 
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(5) each maximal subgroup of the minimal ideal K{X{C2°°)) of X{X) is algebraically isomorphic to {C2^)'^ ; 

(6) each maximal subgroup of the minimal ideal K{\{C2°°)) is topologically isomorphic to the countable 
product nri^i(^2°° ) '^n) of quasi-cycUc 2-groups endowed with twin- generated topologies; 

(7) for any twin- generated topologies Tn, n & N, on C2°° the right-topological group rinLi(C'2°°! ^n) is 
topologically isomorphic to a maximal subgroup of K{X{C2°°))- 

Proof. Since each proper subgroup of C200 is finite, the family /C of maximal 2-cogroups is countable and 
hence can be enumerated as /C = {Kn '■ n G uj}. For every n £ co the maximal 2-cogroup K £ IC has infinite 
index and its characteristic group H{K) is isomorphic to C2°° ■ 

1. By Corollaries 114.61 and I14.9t each minimal left ideal of the superextension \{C2o°) is topologically 
isomorphic to a minimal left ideal of the product J^^^^ EndA(Tii ). For each maximal 2-cogroup K £ IC 
each minimal left ideal L of the semigroup J^nd\{T k) is compact but any maximal subgroup of L, being 
algebraically isomorphic to C2°°, is not compact. This implies that L is not a topological semigroup. Then 
minimal left ideals of the semigroup X{C2°°) are not topological semigroups neither. 

2,3. The statements (2) and (3) follow from Theorem 117.11 

4. The forth item follows from the third one because each semigroup S of cardinality jS"! < c embeds into 
the semigroup c'^ according to Lemma |19.2[ 

5. By Theorem 117.1( 2) each maximal subgroup of the minimal ideal K(X{C2°^)) is algebraically isomorphic 
to (Csoo)"^. 

6. By Theorem 1 17. 11 each maximal subgroup G in the minimal ideal K{X{C2°°)) is topologically isomorphic 
to the product rii^-gK: ^(^k) of the structure groups of suitable twin subsets Ak € Tk = '^[k]j K £ K,. For 
each maximal 2-cogroup K £ K, the structure group H{Ak) is just C200 endowed with a twin-generated 
topology. 

7. Now assume conversely that r„, n G N, are twin generated topologies on the quasi-cyclic group C2°°- 
For every n G N find a twin subset £ Tx„ whose structure group H{An) is topologically isomorphic to 
(C2oo,T„). By Theorem 117.1^ 3) and Theorem 115.1( 8). the product '\X^=iH{An) is topologically isomorphic 
to some maximal subgroup of K{X{C2°°))- □ 

Remark 19.5. Theorem 117. Il f3) and Proposition 16.81 implies that among maximal subgroup of the minimal 
ideal of A(C2oo) there are: 

• Raikov complete topological groups; 

• incomplete totally bounded topological groups; 

• paratopological groups, which are not topological groups; 

• semi-topological groups, which are not paratopological groups. 



20. Superextensions of finite groups 

Theorem 117.41 and Proposition 117.71 give us an algorithmic way of calculating the minimal left ideals of 
the superextensions of finitely-generated abelian groups. For non-abelian groups the situation is a bit more 
complicated. In this section we shall describe the minimal left ideals of finite groups X of order \X\ < 15. 

In fact, Theorem 118.21 helps to reduce the problem to studying superextensions of groups X/Odd. The 
group X/Odd is trivial if the order of X is odd. So, it suffices to check non-abelian groups of even order. If 
X is a 2-group, then the subgroup Odd of X is trivial and hence X/Odd = X. Also the subgroup Odd is 
trivial for simple groups. 

The next table describes the structure of minimal left ideals of the superextensions of groups X = X/Odd 
of order \X\ < 15. In this table £ stands for a minimal idempotent of X{X), which generates the principal left 
ideal X{X) o E and lies in the maximal subgroup -ff (f ) = 8 o X{X) o S. Below the cardinals 2" are considered 
as semigroups of left zeros. 
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X 


\E{X{X)o£)\ 




X{X)o£ 


C2 


1 




C2 


C4 


1 


C2 X C4 


C2 X C4 


cl 


1 


C| 


c| 




1 






C2®Ci 


1 


V 




Cs 


2 


C2 X C4 X 


2 X C72 X C74 X Cg 


Ds 


2 




2 X 


Qs 


2 




2 X C| X Qs 




2« 


Cl 


2'^ X C| 



For abelian groups the entries of this table are calculated with help of Theorem 117.41 and Prop osit ion 1 1 7 . 7l 
Let us illustrate this on the following example. 

20.1. The group C2 © C4. By Proposition 117.71 for the group X = C2 © C4 we get 

• 7]{X, C2) = I hom(X, C2)| - I hom(X, Ci)I = 2 • 2 - 1 = 3; 

• r]{X, C4) = i(| hom(X, Ci)\-\ hom(X, C2)|) = i(2 • 4 - 2 • 2) = 2; 

• r](X,C2k) = for A; > 2. 

Then each minimal left ideal of A(C2 ffi C4) is isomorphic to 

{C2 X mi)''^^-^^) X (C4 X m2)''(^'^*) = (C2 X 2^"'"-^ x {C4 x 2^""-^f = Cl x C7|. 
Next, we consider the non-abelian groups. 

20.2. The dihedral group Dg. This group has a presentation 

(a, 6 I b^ = a^ = 1, 060"^ = b~^). 

It contains 3 subgroups of order 4: 

C4 = {1,6,52, 6^}, Hi = {l,b^,a,ab^}, H2 = {l,b^,ab,ab^}, 

and 5 subgroups of order 2: C2 = {1,6^}, {l,a}, {l,ab}, {1,06^}, and {l,a6^}. Some of those subgroups 
correspond to maximal 2-cogroups: 

Ko = D8\ C4, Ki = D8\ Hi, K2 = Ds\ H2, = a}, = {b\ ab}. 

Observe that the characteristic groups H{Ki) of those maximal 2-cogroups all are isomorphic to C2. 

On the other hand, for i G {0, 1, 2} the index \X/Ki\ = 2 and hence | [T^^J [ = 2^/2"^ = 1, while for i G {3, 4} 
we get \X/Ki\ = 4 and |[Ti^J| = 2^/2-i = 2 by Proposition [l52];3). Applying Theorem [1731 we conclude 
that each minimal left ideal of the superextension A(D8) is isomorphic to (C2 x 1)^ x (C2 x 2)^ = 2 x Cf. 

20.3. The quaternion group Q^. The group Q% = {±1, ibi, ibj, ±k} contains 3 cyclic subgroups of order 
4 corresponding to 4-element maximal 2-cogroups: A'l = \ K2 = Qs \ J^i = Qs \ (k). The 
characteristic groups of those 2-cogroups are isomorphic to C2. The trivial subgroup of Qs corresponds to 
the maximal 2-cogroup Kq = {— 1} whose characteristic group coincides with Qs. By Proposition 115. 2T 4) . for 
i G {1,2,3}, we get |[TkJ| = 1 while [[T/^o]| = 2^/^-3 ^ 2. By Theorem [1731 each minimal left ideal of the 
semigroup A(Q8) is isomorphic to 

(C2 X if X (Qs X 2) = 2 X Cl X Qs. 

20.4. The alternating group A4. The group A4 has order 12, contains a normal subgroup isomorphic to 
C2 X C2 and contains no subgroup of order 6. This implies that all 2-cogroups of A4 lie in C2 x C2 and 
consequently, A4 contains 3 maximal 2-cogroups. Each maximal 2-cogroup K C A4 contains two elements 
and has characteristic group H[K) isomorphic to C2. Since j^Z-ft'l = 6, Proposition 115. 2T 3) guarantees that 
|[Ti^]| = 2^/2-^ = 2^. Applying Theorem [1731 we see that each minimal left ideal of the semigroup A(A4) is 
isomorphic to (C2 x 2^)'^ = 2^ x Cf. 
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21. Open Problems 

Problem 21.1. Describe the structure of (minimal left ideals) of superextensions of the quaternion groups 
Q2k for 3 < < oo. 

Problem 21.2. Describe the structure of (minimal left ideals) of superextensions of the finite groups of order 
16. 

Problem 21.3. What can be said about the structure of the superextension A(i<2) of the free group F2. 

Problem 21.4. Investigate the permanence properties of the class of twinic groups. Is this class closed under 
taking subgroups and products? 

In light of Theorem 19.11 the following problem is quite interesting. 

Problem 21.5. Is each infinite 2-group with a unique element of order 2 isomorphic to C2°° or (52°°? 
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